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Abstract. Fix a squarefree integer d0 > 1, and let d range over the positive squarefree integers
coprime to 2d0. Although Q(

√
−d) and Q(

√
−d0d) share all variable ramified primes, we prove that

their class-group 4-ranks are asymptotically independent. Over the subfamily d ≤ X, their joint
distribution converges in total variation to the product of two copies of the Cohen–Lenstra–Gerth
distribution, with error bounded by a negative power of log logX. We further conjecture that the
corrected 2-primary groups 2ClQ(

√
−d)[2

∞] and 2ClQ(
√
−d0d)

[2∞] are asymptotically independent,
each with the Cohen–Lenstra distribution.

Suppose in addition that the class number of Q(
√
d0) is odd. For a density-one subset of this

family, we prove that extension of ideals to K(d) = Q(
√
d0,

√
−d) induces

4ClK(d)[2
∞] ∼= 2ClQ(

√
−d)[2

∞]⊕ 2ClQ(
√

−d0d)
[2∞].

Together with this decomposition, the group-valued conjecture predicts that 4ClK(d)[2
∞] is dis-

tributed as the direct sum of two independent Cohen–Lenstra 2-groups, giving a corrected Cohen–
Lenstra–Martinet distribution for the biquadratic family. Unconditionally, the 8-rank of ClK(d)

has limiting distribution given by the convolution of two copies of the Cohen–Lenstra–Gerth distri-
bution. The proof combines Smith’s box method with quantitative truncated Gaussian-binomial
moment inversion for diagonally coupled, fixed-width bordered Rédei matrices.

1. Introduction

1.1. Motivation. The class number of Q(
√
d) is not a multiplicative function of the squarefree

radicand d. One may instead fix a positive squarefree multiplier d0 and ask whether the class
groups of Q(

√
d) and Q(

√
d0d) remain statistically dependent as d varies. Already for d0 = 2,

although Q(
√
2) has class number one, no pointwise factorization relates the two varying class

numbers. The Cohen–Lenstra–Martinet heuristics for biquadratic fields provide the appropriate
framework for this joint question. Indeed, for coprime squarefree integers m and n, the fields
Q(

√
m), Q(

√
n) and Q(

√
mn) are the quadratic subfields k0, k1, k2 of K = Q(

√
m,

√
n). For every

odd prime ℓ, extension of ideals and the norm maps give the decomposition
ClK [ℓ∞] ∼= Clk0 [ℓ

∞]⊕ Clk1 [ℓ
∞]⊕ Clk2 [ℓ

∞].

The conductor–discriminant formula gives |∆K | = |∆k0∆k1∆k2 | � m2n2, so ordering K by dis-
criminant gives the natural ordering for the simultaneous variation of m and n. Under this
ordering, the heuristics predict that, for every odd prime ℓ, the three ℓ-primary class groups are
distributed independently [4, 34]. After one quadratic subfield is fixed, the same heuristics predict
independence of the two varying subfield class groups.

The prime 2 presents two distinct obstacles. First, there is no comparably general corrected
Cohen–Lenstra–Martinet prediction for biquadratic fields. Known results, including the density-
one 4-rank formula of Koymans–Morgan–Smit [16], concern lower ranks and do not determine the
higher 2-primary structure in the family considered here. Second, the direct-sum decomposition
above need not hold integrally at 2. At the level of class numbers, Kuroda’s formula records the
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discrepancy through the Hasse unit index [25]; at the level of group structure, non-split extension
data provide a further obstruction.

We specialize to the following fixed-subfield family. Fix a squarefree integer d0 > 1, let d range
over positive squarefree integers coprime to 2d0, and write

k0 = Q(
√
d0), k1(d) = Q(

√
−d), k2(d) = Q(

√
−d0d),

the three quadratic subfields of K(d) = Q(
√
d0,

√
−d). Every prime dividing d ramifies in both

varying imaginary quadratic fields, whereas the primes dividing d0 supply fixed additional ram-
ification to k2(d). Genus theory consequently imposes a deterministic relation between the two
2-ranks, so the raw 2-primary class groups cannot be asymptotically independent. Passing to
their images under multiplication by 2 removes the genus-theoretic 2-rank contribution and leads
instead to the pair

2Clk1(d)[2
∞] and 2Clk2(d)[2

∞].

The one-field marginals are known: Fouvry–Klüners determined the 4-rank distribution [7], while
Smith proved the full one-field Cohen–Lenstra–Gerth distribution in his final two-part treatment
[32, Theorem 1.10]; see also the general assembly theorem [33, Theorem 2.14]. The question is
whether the two corrected groups are asymptotically independent, equivalently whether their joint
distribution converges to the product of the two marginals.

The joint question is better understood when the two fields are tied by an additional arithmetic
relation. For Q(

√
d) and Q(

√
−d), the reflection principle both forces a correlation and makes the

joint distribution accessible. Fouvry and Klüners computed this distribution at the level of 4-ranks
and showed that it does not factor as the product of its marginals [8]. Similar special relations
underlie work on the 16-ranks and joint-spin statistics of Q(

√
−p) and Q(

√
−2p) [20, 21, 22].

The fixed-twist pair studied here lies outside this pattern. Although k1(d) and k2(d) share all
variable ramified primes, no analogous reflection relation is available. Nor is the family a direct
instance of Smith’s degree-ℓ twist families [32, 33], since the twisting classes are rational and the
compositum remains V4-Galois over Q. The results of Koymans–Liu on bad parts in odd-degree
settings likewise do not apply [19]. We nevertheless prove that the two 4-ranks are asymptotically
independent, each with the Cohen–Lenstra–Gerth distribution.

We order the family by the positive squarefree parameter

Fd0(X) := {0 < d ≤ X : µ2(d) = 1, (d, 2d0) = 1}. (1)

The coprimality condition separates the variable ramification from the fixed ramification con-
tributed by d0. For a finite abelian group A and j ≥ 1, write

rk2j A := dimF2(2
j−1A/2jA), r4(n) := rk4Cl

(
Q(

√
n)
)
.

For a, b ≥ 0, define the finite-level joint distribution by

µ
(d0)
X (a, b) :=

#{d ∈ Fd0(X) : r4(−d) = a, r4(−d0d) = b}
#Fd0(X)

. (2)

Thus µ(d0)X is a probability measure on Z2
≥0. For q > 1 and m ≥ 0, put

ηm(q) :=
m∏
j=1

(1− q−j), η∞(q) :=
∏
j≥1

(1− q−j),

with η0(q) = 1. We denote by πCL the Cohen–Lenstra–Gerth distribution on Z≥0 [3, 11],

πCL(m) = 2−m2 η∞(2)

ηm(2)2
. (3)
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We also write πsym for the limiting corank distribution of uniform symmetric matrices over F2,

πsym(m) =
η∞(2)

η∞(4)

2−m(m+1)/2

ηm(2)
. (4)

1.2. Main results. The principal theorem gives effective asymptotic independence in the fam-
ily (1). For probability measures µ and ν on a countable set S, write

dTV(µ, ν) =
1

2

∑
x∈S

∣∣µ({x})− ν({x})
∣∣.

Theorem 1.1. Let d0 > 1 be squarefree. There exists c = c(d0) > 0 such that

dTV

(
µ
(d0)
X , πCL ⊗ πCL

)
�d0 (log logX)−c. (5)

Projecting (5) onto either coordinate recovers the marginal convergence to πCL recalled above.
The new assertion is their joint asymptotic independence, expressed by convergence to πCL⊗πCL.
The case d0 = 2. Here d is odd. As d ranges over the odd squarefree integers, Q(

√
−d) and

Q(
√
−2d) run respectively through the families of imaginary quadratic fields with odd and even

squarefree radicand; together these two families exhaust all imaginary quadratic fields. Theo-
rem 1.1 shows that, under the natural pairing d 7→ 2d, their class-group 4-ranks are asymptotically
independent.

Theorem 1.1 is the 4-rank projection of the following conjectural joint distribution. Let G2

denote the set of isomorphism classes of finite abelian 2-groups, identifying a group with its
isomorphism class, and equip G2 with the Cohen–Lenstra measure

µCL,2(G) =
η∞(2)

|Aut(G)|
, G ∈ G2. (6)

The classical identity
∑

G∈G2
|Aut(G)|−1 = η∞(2)−1 shows that this is a probability measure.

Gerth’s correction predicts that 2Clk[2∞], rather than Clk[2
∞] itself, is governed by this measure

[12]; Smith proved this prediction for imaginary quadratic fields [32, Theorem 1.10]. We propose
the following asymptotic independence conjecture for the two varying fields.

Conjecture 1.2. Let d0 > 1 be squarefree. For every G1, G2 ∈ G2,

lim
X→∞

Pd∈Fd0
(X)

(
2Clki(d)[2

∞] ' Gi for i = 1, 2
)
=

2∏
i=1

µCL,2(Gi).

This conjecture is specific to positive twists. When d0 = −1, reflection produces a genuine
correlation between a real and an imaginary quadratic field. For every fixed d0 > 1, Theorem 1.1
proves the 4-rank projection of Conjecture 1.2; the higher 2j-ranks are not addressed here.

Under an odd-class-number hypothesis on the fixed real quadratic subfield, the following direct-
sum decomposition transfers both the theorem and the conjecture to K(d).

Theorem 1.3. Assume that the class number of k0 = Q(
√
d0) is odd. For all but o(#Fd0(X))

values d ∈ Fd0(X), the Hasse unit index
qK(d) = [O×

K(d) : O
×
k0
O×

k1(d)
O×

k2(d)
]

equals 1, and extension of ideals induces an isomorphism

4ClK(d)[2
∞] ∼=

2⊕
i=0

2Clki(d)[2
∞].

Theorem 1.3 turns Conjecture 1.2 into the following corrected Cohen–Lenstra–Martinet predic-
tion for the biquadratic field.
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Conjecture 1.4. Assume that the class number of k0 is odd. For every H ∈ G2,
lim

X→∞
Pd∈Fd0

(X)

(
4ClK(d)[2

∞] ' H
)
=

∑
G1,G2∈G2
G1⊕G2≃H

µCL,2(G1)µCL,2(G2).

Taking 4-ranks of the two varying quadratic class groups, and hence the 8-rank in the decom-
position above, gives the following unconditional consequence.
Corollary 1.5. Assume that the class number of k0 is odd. For all but o(#Fd0(X)) values
d ∈ Fd0(X),

rk8ClK(d) = r4(−d) + r4(−d0d).
Moreover, for every m ≥ 0,

lim
X→∞

Pd∈Fd0
(X)

(
rk8ClK(d) = m

)
=

∑
a+b=m

πCL(a)πCL(b),

and this convergence of distributions holds in total variation.
1.3. Proof strategy and random-matrix results. The 4-rank of a quadratic class group is
determined by the corank of its Rédei matrix. For the two fields in our family, deleting one variable
prime produces a common core: the fixed twist by d0 appears as a correlated diagonal perturbation,
while the prime divisors of 2d0 contribute a fixed number of border rows and columns. Smith’s box
method [31] shows that the symmetrised distribution of the relevant quadratic-residue symbols
is close to uniform. Since the corank pair is invariant under relabelling the variable primes, this
reduces the arithmetic problem to the joint corank distribution of a pair of coupled, fixed-width
bordered Rédei matrices. We use Smith’s permutation-averaged equidistribution theorem for a
complete residue assignment, comprising the pair symbols of the variable primes together with the
columns (−1/pi), (2/pi) and (qk/pi) attached to the fixed integer d0; the sign vector is thereby
part of the equidistributed data rather than a condition imposed on the family. For a published
implementation of the box method in the all-1 mod 4 family, see Chan–Koymans–Milovic–Pagano
[1, §§4–5]; the mixed-sign specialization needed here is carried out in Section 3.2.

For a single unbordered Rédei matrix, Koymans–Pagano obtained effective convergence by
exposing one row and column at a time and comparing the resulting corank jumps with an
ergodic Markov chain [17]. A different single-matrix approach, based on the spectrum of the
corank transition operator, was developed in our earlier work [36]. These one-parameter methods
do not directly close for the coupled bordered matrix pair above: one must simultaneously track
two matrices sharing a core and diagonal data, and the borders impose additional kernel conditions
that are not preserved by a single corank transition.

Two related moment normalizations have been used to study class-group and random-cokernel
distributions. Ordinary moments of group size occur in the work of Fouvry–Klüners and Smith
[7, 33]; systematic treatments of surjection moments in the random-group and random-cokernel
setting may be found in [35, 34]. Mixed moments also appear in the work of Pagano–Sofos on
ray class sequences [28]. In these applications, moments are principally used to identify a limiting
distribution through a uniqueness theorem. Here fixed-order mixed moments are not enough:
estimates through a growing order must be transferred to the joint distribution while retaining a
uniform error. We do this by quantitative truncated inversion of the Gaussian-binomial moment
transform.

For a corank variable X, consider the Gaussian binomial moments

mu(X) = E
[
X

u

]
2

,

which count, on average, the u-dimensional subspaces of the kernel. The q-binomial transform
taking a distribution to these moments is triangular and has an explicit inverse. On a suitable
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weighted supremum space, this inverse is bounded into ℓ1. Concretely, if ρ and ν are two proba-
bility distributions on Z≥0, σ = ρ − ν, and θu = 2−u(u+1)/2, then the one-dimensional truncated
inversion gives

‖σ‖1 ≤ Cinv max
0≤u≤D

|mu(σ)|
θu

+ C(D + 1)2D(D+1)/2mD+1(|σ|).

The first term uses only the moments through order D, while the second controls the discarded tail
by the (D+1)-st absolute moment. For a signed measure on Z2

≥0, applying the tensor product of
the two one-dimensional inverse operators and estimating the bivariate residual gives an analogous
truncated inversion inequality whose inputs are the genuinely mixed moments

mu,v(X,Y ) = E
[[
X

u

]
2

[
Y

v

]
2

]
.

These mixed-moment estimates are proved directly for the coupled matrices; they do not follow
by multiplying one-dimensional error estimates. Once they are available through a growing order,
balancing the truncation depth against the matrix size gives a total-variation bound of the form
Cηn with η ∈ (0, 1).

The unbordered case already gives an asymptotic independence theorem for diagonal pertur-
bations of a common core. For u−1 ∈ Fn

2 , put
Ωu−1 = u−1u

⊤
−1 + diag(u−1), Symn(Ωu−1) = {A ∈ Matn(F2) : A

⊤ −A = Ωu−1}.
For a random element W , write Law(W ) for its probability distribution.

Theorem 1.6. Let A be uniform in Symn(Ωu−1), and let v ∈ Fn
2 be uniform and independent of

A. Set
X = corankA, Y = corank

(
A+ diag(v)

)
.

There are constants C <∞ and η ∈ (0, 1) such that, if u−1 = 0, then∥∥Law(X,Y )− πsym ⊗ πsym
∥∥
1
≤ Cηn.

For every α > 0, there are Cα <∞ and ηα ∈ (0, 1) such that, uniformly whenever rankΩu−1 ≥ αn,∥∥Law(X,Y )− πCL ⊗ πCL

∥∥
1
≤ Cαη

n
α.

When u−1 = 0, the matrix A is uniform symmetric and diag(v) is an independent uniform
random diagonal matrix. Thus the first estimate states directly that a random diagonal perturba-
tion makes the two coranks asymptotically independent, with common limiting distribution πsym.
This finite-field statement concerns only coranks; the results of Lee and Jung–Lee discussed below
instead determine joint cokernel modules for p-adic matrix ensembles.

The diagonal need not be random. If A is a uniform symmetric matrix over F2, the same
mixed-moment estimate gives constants C <∞ and η ∈ (0, 1) such that∥∥Law(corankA, corank(A+ In)

)
− πsym ⊗ πsym

∥∥
1
≤ Cηn.

Thus a fixed diagonal shift of full support can make the two coranks asymptotically independent.
Theorem 1.6 is proved in the more precise form of Theorem 4.20. Lee and Jung–Lee determine

joint cokernel modules for polynomial or shifted transforms of Haar random Zp-matrices [23, 15,
24]. Those results concern different p-adic ensembles and determine full joint cokernel modules.
Our theorem treats only the coranks of symmetry-defect fibres over F2 and gives an error at
most Cαη

n
α in total variation, uniformly when the defect has rank at least αn. In the arithmetic

application, v = ud0 records the fixed twist by d0, and A,A+diag(ud0) are the common cores of
the two Rédei matrices.

In the actual Rédei matrices, every prime-discriminant factor of 2d0 contributes border and
corner data of bounded width. Theorem 4.13 treats the resulting bordered pairs uniformly in this
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data and in every resulting 2-adic stratum. Writing r = ω(d), it gives an ℓ1-error Od0(ϑ
r), for

some ϑ ∈ (0, 1), from πCL ⊗ πCL whenever the symmetry defect has rank at least a fixed positive
proportion of r. The sign vectors not covered by this rank condition have exponentially small
proportion in the uniform residue-symbol distribution. Applying the resulting estimate on all
admissible boxes completes the proof of Theorem 1.1.

1.4. Organization of the paper. Section 2 proves the Rédei reduction, defines the residue and
matrix probability spaces, identifies their uniform measures by an affine bijection, writes the
corank-pair pushforward as an explicit sign mixture, and collects the finite-field tools. Section 3
decomposes the family (1) into admissible boxes, proves equidistribution of the symmetrised
full residue assignment, and transfers this estimate through the finite pushforward to the original
family. Section 4 develops one- and two-dimensional quantitative truncated inversion for Gaussian-
binomial moments, proves the bordered joint-corank theorem from conditional mixed moments on
a good event, and records the unbordered diagonal-perturbation consequences. Section 5 applies
the family-transfer theorem and the bordered joint-corank estimate to prove Theorem 1.1, and
then determines the Hasse unit index and the direct-sum defect needed for Theorem 1.3 and
Corollary 1.5.

Acknowledgements. The authors thank Yi Ouyang and Ye Tian for their support and helpful
discussions. The first author was partially supported by the Tianyuan Fund for Mathematics of
the National Natural Science Foundation of China (Grant No. 12526538) and by the Postdoctoral
Fellowship Program of CPSF (Grant No. GZC20252038). The authors used generative-AI tools for
bibliographic searches, language editing, and technical cross-checking, and take full responsibility
for the content.

2. Rédei reduction and finite-field counting

This section collects the algebraic and finite-field preliminaries needed in the proof. We first
recall the Rédei–Reichardt description of the 4-rank and the coordinate deletion that converts
it into a matrix corank. Applying this construction simultaneously to −d and −d0d produces
two matrices over F2 with a common core. We then regard the residue symbols occurring in
these matrices as formal variables and introduce finite probability spaces for the resulting pair of
coranks. The second part records the finite-field counting results needed to analyze these spaces.

Throughout the remainder of the paper, vectors over finite fields are regarded as column vectors,
and we reserve rank and corank for matrices and linear maps. The bracket

[
a
n

]
∈ F2 denotes the

additive Kronecker symbol, and hence the additive Jacobi or Legendre symbol in the usual cases.

2.1. From residue symbols to joint 4-ranks.

2.1.1. Rédei matrices and coordinate deletion. Let ∆ be a fundamental discriminant, put K∆ =
Q(

√
∆), and choose an ordering

∆ = ∆1 · · ·∆t

of its prime discriminant factors, where ∆i ∈ {−4, 8,−8} ∪ {p∗ : p odd prime}, with p∗ =

(−1)(p−1)/2p. Let pi be the prime below ∆i, with pi = 2 at the even prime discriminant. De-
fine the Rédei matrix R∆ ∈ Matt(F2) by

(R∆)ij =

[
∆i

pj

]
(i 6= j), (R∆)jj =

∑
i ̸=j

(R∆)ij . (7)

Thus every column of R∆ sums to zero.
The following criterion is due to Rédei and Reichardt [29].
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Theorem 2.1 (Rédei–Reichardt criterion). The 4-rank of the narrow class group of K∆ is given
by

rk4Cl
+(K∆) = corankR∆ − 1. (8)

Suppose henceforth that the fundamental discriminant ∆ is negative, and retain the factori-
sation and notation above. The ordinary and narrow class groups of K∆ then coincide. Let I
be the index set of the prime discriminants and write ∆even ∈ {1,−4, 8,−8} for the even prime
discriminant, with value 1 when none occurs; in that case no even index is introduced. For a
condition E, let 1{E} ∈ {0, 1} denote its indicator, viewed in F2 when it occurs in a vector or
matrix. Without a subscript, 1 denotes the all-ones vector whose length is determined by context.
Define

u−1(∆) =
(
1{∆i<0}

)
i∈I ,

(
u2(∆)

)
i
=

{[
2
pi

]
, pi 6= 2,

0, pi = 2.

At an odd index,
(
u−1(∆)

)
i
=
[
−1
pi

]
. At the even index the same formula cannot be used, since[−1

2

]
= 0 does not distinguish a positive even prime discriminant from a negative one. For any

vector x indexed by a finite set, let diag(x) denote the diagonal matrix with diagonal entries xi,
and write

Ωx = xx⊤ + diag(x).

If an even index occurs, we label it by 0 and denote its standard basis vector by e0.
Proposition 2.2. Let ∆ < 0. Then

R⊤
∆ −R∆ = Ωu−1(∆) + 1{∆even=−4}

(
e0u2(∆)⊤ + u2(∆)e⊤0

)
. (9)

In particular, the symmetry defect R⊤
∆−R∆ is determined by the signs of the prime discriminants

and the symbols at 2. It contains no pair symbol
[
p∗i
pj

]
.

Proof. For distinct odd primes p, q, quadratic reciprocity and the definition of the Kronecker
symbol give [

p∗

q

]
+

[
q∗

p

]
=

[
−1

p

] [
−1

q

]
,

[
p∗

2

]
=

[
2

p

]
,

[
∆even

p

]
+

[
p∗

2

]
=


[
−1
p

]
+
[
2
p

]
, ∆even = −4,

0, ∆even = 8,[
−1
p

]
, ∆even = −8.

(10)

The first identity gives the assertion at two odd indices, and the second line handles an even and
an odd index. Only ∆even = −4 contributes the additional u2(∆) term. Both sides have zero
diagonal. □

The defect formula turns the column-sum convention in (7) into the two relations
1⊤R∆ = 0, R∆1 = (R⊤

∆ −R∆)1. (11)
The first is the defining column-sum relation. Its transpose gives R⊤

∆1 = 0, and over F2 this
implies the second identity. Together they allow one odd prime discriminant to be removed
without changing the relevant corank.

Proposition 2.3. Let ρ be an odd index, so that ∆ρ = p∗ρ. If R(ρ)
∆ denotes the principal submatrix

obtained by deleting row and column ρ, then

rk4Cl(K∆) = corankR
(ρ)
∆ . (12)

Thus the right-hand side is independent of the odd index chosen for deletion.
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Proof. Add all columns of R∆ other than column ρ to column ρ. By (11), the new column is
(R⊤

∆ −R∆)1. The same equation shows that row ρ is the sum of the remaining rows, so deleting
it does not change the rank. The resulting (t− 1)× t matrix is(

R
(ρ)
∆

(
(R⊤

∆ −R∆)1
)
I\{ρ}

)
.

Since ∆ < 0, the number of negative prime discriminants is odd, and hence 1⊤u−1(∆) = 1 in
F2. Formula (9) therefore gives

(R⊤
∆ −R∆)1 = 1{∆even=−4}

(
e0(1

⊤u2(∆)) + u2(∆)
)
.

If ∆even 6= −4, this vector is zero. If ∆even = −4, its restriction to I \ {ρ} is column 0 of R(ρ)
∆ .

Indeed, this follows from
[
p∗i
2

]
=
[
2
pi

]
and the column-sum definition of the diagonal. In either

case the last column lies in the image of R(ρ)
∆ . Hence

rankR∆ = rankR
(ρ)
∆ , corankR∆ = corankR

(ρ)
∆ + 1,

and (8) proves the result. □
The oddness of the deleted index is essential. At an even index the last column in the proof

need not lie in the image of the principal submatrix.

2.1.2. The coupled matrix pair. We apply Proposition 2.3 simultaneously to the Rédei matrices for
−d and −d0d. After one common odd-prime coordinate is deleted, the two reduced matrices share
a variable block; their remaining coupling lies in diagonal corrections and fixed-width borders.

Fix squarefree integers d0 > 1 and d with (d, 2d0) = 1, and write
d0 = 2eq1 · · · qs, e ∈ {0, 1}, q1 < · · · < qs odd,
d = p1 · · · pr, p1 < · · · < pr, r = ω(d) ≥ 1.

For a squarefree integerm, write ∆(m) for the fundamental discriminant of Q(
√
m), with ∆(1) = 1.

Put
κ = #{i : pi ≡ 3 mod 4}, P =

∏
i≤r

p∗i = (−1)κd.

The prime-discriminant factorizations split as
∆(−d) = P ∆((−1)κ+1), ∆(−d0d) = P ∆((−1)κ+1d0). (13)

Thus P is the common variable factor, while the remaining factors determine the fixed widths.
The first is 1 when κ is odd and −4 when κ is even, so put

b1 = 1{2|κ}.

Factor the second fixed discriminant as
∆((−1)κ+1d0) =

∏
k∈D2

∆k, b2 = |D2|,

where ∆k = q∗k for 1 ≤ k ≤ s. If an even prime discriminant occurs, denote it by ∆0, index it
by 0, and put q0 = 2. Thus the two full Rédei matrices have orders r + b1 and r + b2, and their
reductions after deleting one variable coordinate have orders r − 1 + b1 and r − 1 + b2.

The corresponding fixed and variable Rédei blocks are
Rd0,κ := R∆((−1)κ+1d0) ∈ Matb2(F2), Rd := RP ∈ Matr(F2),

with the rows and columns of Rd0,κ indexed by D2. For every integer λ coprime to d, write

uλ,i =

[
λ

pi

]
, uλ = (uλ,i)i≤r ∈ Fr

2.
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In particular, κ = |u−1|, and
R⊤

d −Rd = Ωu−1 . (14)
For a vector indexed by p1, . . . , pr, a superscript ◦ means that the last coordinate is deleted. For
a matrix whose rows have these indices, it means that the last row is deleted; if its columns have
the same indices, the last column is deleted as well.

Theorem 2.4. For k ∈ D2, put

ck =

[
P

qk

]
=


[
2
d

]
, k = 0,[

(−1)κd
qk

]
, 1 ≤ k ≤ s.

(15)

The two 4-ranks are the coranks of the following reductions of the Rédei matrices:

r4(−d) = corankN1, N1 =


R◦

d, b1 = 0,(
R◦

d + diag(u◦
−1) u◦

2

(u◦
−1)

⊤ [
2
d

]) , b1 = 1,

and

r4(−d0d) = corankN2, N2 =

(
R◦

d + b1 diag(u
◦
−1) + diag(u◦

d0
) (u◦

qk
)k∈D2(

(u◦
∆k

)k∈D2

)⊤
Rd0,κ + diag

(
(ck)k∈D2

)) .
Proof. Between two variable indices, the off-diagonal entries of both full Rédei matrices are those
of Rd. The quotient ∆(−d)/P is 1 or −4, according as b1 = 0 or 1. Its contribution to the
diagonal at pi is therefore b1u−1,i, which gives the displayed common block.

The two fixed diagonal contributions differ by[
∆(−d)/P

pi

]
+

[
∆(−d0d)/P

pi

]
=

[
∆(−d)∆(−d0d)/d2

pi

]
=

[
d0
pi

]
.

Indeed, ∆(−d)∆(−d0d)/(d0d2) is one of 1, 4, 16. Consequently the second variable block differs
from the first by diag(u◦

d0
).

It remains to identify the borders and corners. The upper and lower border entries are the
vectors uqk and u∆k

, respectively, by quadratic reciprocity, including at the even index. When
b1 = 1, the corresponding vectors for the first matrix are u2 and u−1, and its corner entry is[
P
2

]
=
[
2
d

]
.

For the second corner block, the column-sum convention gives

(R∆(−d0d))kk =
∑
i≤r

[
p∗i
qk

]
+
∑
ℓ∈D2
ℓ̸=k

[
∆ℓ

qk

]
=

[
P

qk

]
+
∑
ℓ∈D2
ℓ ̸=k

[
∆ℓ

qk

]
,

which is the displayed lower-right diagonal entry; the off-diagonal entries are
[
∆k
qℓ

]
.

Finally, apply Proposition 2.3 to ∆(−d) and ∆(−d0d), deleting in each case the coordinate
corresponding to pr. This gives the displayed matrices. □
2.1.3. Residue assignments and the joint 4-rank map. Retain the factorisation d0 = 2eq1 · · · qs of
Section 2.1.2. Since d0 remains fixed, we suppress it from the notation whenever no ambiguity
can arise. We now replace the primes by formal residue assignments and then convert these
assignments into the block data of Theorem 2.4. For r ≥ 1, define

Resr := F{(i,j):1≤i<j≤r}
2 × (Fr

2)
s+2. (16)

We write its elements as
χ =

(
(χij)i<j ;u−1,u2,u∆1 , . . . ,u∆s

)
.
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For an ordered tuple of distinct odd primes (p1, . . . , pr), all coprime to 2d0, its residue assignment
is

χ(p1, . . . , pr) =
([p∗i
pj

]
i<j

; u−1,u2,u∆1 , . . . ,u∆s

)
∈ Resr. (17)

When d = p1 · · · pr and p1 < · · · < pr, we write this assignment as χ(d). Thus

#Resr = 2(
r
2
)+(s+2)r, (18)

and for now Resr is regarded only as a finite set.
We first pass from residue symbols to matrix coordinates. Fix r ≥ 2 and a sign vector u−1 =

(u−1,1, . . . , u−1,r) ∈ Fr
2. Let

Resr(u−1) := {χ ∈ Resr : its sign vector is u−1},

and put
n = r − 1, κ = |u−1|, b1 = 1{2|κ}, Ω = Ωu◦

−1
.

Definition 2.5. For Ω′ ∈ Matn(F2), set

Symn(Ω
′) := {A ∈ Matn(F2) : A

⊤ −A = Ω′}. (19)

Definition 2.6. The coupled-matrix data space over the sign fibre u−1 is

MatDatar(u−1) := Symn(Ω)× (Fn
2 )

1+s × F 1+s
2 . (20)

We write its elements as

x = (A,u2,u∆1 , . . . ,u∆s , c), c = (c0, . . . , cs).

For χ ∈ Resr(u−1), define R(χ) ∈ Matr(F2) by

R(χ)ij =

{
χij , i < j,

χji + u−1,iu−1,j , j < i,
R(χ)jj =

∑
i ̸=j

R(χ)ij .

Then R(χ)⊤ −R(χ) = Ωu−1 . Put

A(χ) := R(χ)◦ + b1 diag(u
◦
−1),

so that A(χ) ∈ Symn(Ω), and set

c0(χ) =
∑
i≤r

u2,i, ck(χ) =
∑
i≤r

(
u∆k,i +

[
−1

qk

]
u−1,i

)
(1 ≤ k ≤ s). (21)

The coordinate map is

coordu−1(χ) :=
(
A(χ),u◦

2,u
◦
∆1
, . . . ,u◦

∆s
, (c0(χ), . . . , cs(χ))

)
. (22)

Lemma 2.7. The map

coordu−1 : Resr(u−1)
∼−−→ MatDatar(u−1)

is an affine bijection.

Proof. The pair-symbol coordinates not involving r give the off-diagonal entries of A, while those
involving r determine its diagonal through the column-sum rule. Hence they parametrize Symn(Ω)
bijectively. For each of the s+1 character vectors, its first n entries together with the corresponding
coordinate ck recover its last entry by (21). These disjoint affine changes of coordinates prove the
claim. □
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We next assemble a point of MatDatar(u−1) into the two matrices of Theorem 2.4. Put κ0 =
#{k : qk ≡ 3 mod 4}. We call (e, κ mod 2, κ0 mod 2) the 2-adic stratum; it determines D2, the
even prime discriminant ∆0 when present, and the border widths. Explicitly,

∆0 =


−4, e = 0, κ+ κ0 even,
8, e = 1, κ+ κ0 odd,
−8, e = 1, κ+ κ0 even,

with no even index when e = 0 and κ+ κ0 is odd, and
b1 = 1{2|κ}, b2 = s+ e+ (1− e)1{2|(κ+κ0)}. (23)

For x = (A,u2,u∆1 , . . . ,u∆s , c) ∈ MatDatar(u−1), define the blocks below. If 0 ∈ D2, define

u∆0 =


u◦
−1, ∆0 = −4,

u2, ∆0 = 8,

u◦
−1 + u2, ∆0 = −8.

The remaining blocks are
ud0 = b1u

◦
−1 +

∑
k∈D2

u∆k
, (24)

uqk =

u2, k = 0,

u∆k
+
[
−1
qk

]
u◦
−1, 1 ≤ k ≤ s,

(k ∈ D2), (25)

and
L = (u∆k

)k∈D2 , U = (uqk)k∈D2 , C = Rd0,κ + diag
(
(ck)k∈D2

)
.

If b1 = 0, let U1, L1,C1 be empty blocks of compatible sizes; if b1 = 1, put
U1 = u2, L1 = u◦

−1, C1 = (c0).

Define
N1(x) =

(
A U1

L⊤1 C1

)
, N2(x) =

(
A+ diag(ud0) U

L⊤ C

)
. (26)

This is the assembly map
Asmd0,r,u−1 : MatDatar(u−1) −→ Matn+b1(F2)×Matn+b2(F2), x 7−→

(
N1(x), N2(x)

)
. (27)

For a matrix pair, write corank×2(N1, N2) = (corankN1, corankN2). The coordinate and
assembly maps define

Joint4rkr|Resr(u−1)
:= corank×2 ◦Asmd0,r,u−1 ◦ coordu−1 . (28)

Since the sign fibres partition Resr, these composites give a single map
Joint4rkr : Resr −→ Z2

≥0. (29)
For every d in the family with ω(d) = r ≥ 2, Theorem 2.4 gives(

r4(−d), r4(−d0d)
)
= Joint4rkr

(
χ(d)

)
. (30)

The cases r ≤ 1 have density zero and are omitted from this formalism.
We finally record how the construction behaves under relabelling and under uniform measure.

The symmetric group Sr acts on Resr by relabelling the variable primes; on single-prime coordi-
nates, (π · uλ)i = uλ,π−1(i). For i < j, quadratic reciprocity gives the pair-coordinate action

(π · χ)ij =

{
χπ−1(i),π−1(j), π−1(i) < π−1(j),

χπ−1(j),π−1(i) + u−1,π−1(i)u−1,π−1(j), π−1(i) > π−1(j).
(31)
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Thus π · χ(p1, . . . , pr) = χ(pπ−1(1), . . . , pπ−1(r)), and every π acts by a bijection. The coordinate
map itself uses the distinguished index r and is not permutation invariant.

Lemma 2.8. The map Joint4rkr is Sr-invariant.

Proof. Relabelling the variable indices conjugates the two unreduced matrices determined by χ
by the corresponding permutation matrix, with the fixed indices unchanged. Proposition 2.3
makes the coranks of their reductions independent of the deleted variable coordinate, proving the
claim. □

For the probabilistic formulation, equip Resr and each MatDatar(u−1) with uniform probability
measure. Under Unif(Resr), the sign vector is uniform; conditional on its value u−1, Lemma 2.7
identifies the uniform measures on Resr(u−1) and MatDatar(u−1). The latter has independent
coordinates

A ∼ Unif
(
Symn(Ω)

)
, u2,u∆1 , . . . ,u∆s ∼ Unif(Fn

2 ), c ∼ Unif(F 1+s
2 ).

Let N1, N2 be the resulting random matrices and put

Z = (Z1, Z2) := corank×2(N1, N2).

Then (28) gives
(Joint4rkr)∗Unif

(
Resr(u−1)

)
= LawMatDatar(u−1)(Z). (32)

Averaging (32) over the sign vector gives, for every r ≥ 2,

(Joint4rkr)∗Unif(Resr) = 2−r
∑

u−1∈Fr
2

LawMatDatar(u−1)(Z). (33)

Permutation invariance also allows us to symmetrise a measure on Resr without changing its
joint 4-rank pushforward. For a probability measure µ on Resr, put

µsym :=
1

r!

∑
π∈Sr

π∗µ.

Lemma 2.8 and contraction under pushforward give

(Joint4rkr)∗µ
sym = (Joint4rkr)∗µ, ‖(Joint4rkr)∗µ− (Joint4rkr)∗ν‖1 ≤ ‖µ− ν‖1 (34)

for all probability measures µ, ν on Resr.
For later use, if 0 < α < 1/2, Hoeffding’s inequality gives

2−r#{u−1 ∈ Fr
2 : |u−1| < αr} ≤ e−2(1/2−α)2r. (35)

2.2. Counting for moments and truncated inversion. The moment calculations in Section 4
use three finite-field ingredients: simultaneous constraints Axi = yi on a symmetry-defect fibre,
Gaussian-binomial inversion, and incidence counts for the tuples occurring in the moment expan-
sion. We record them in that order.

2.2.1. Joint surjectivity on symmetry-defect fibres. For ξ ∈ Fn
2 , set h = |ξ|. The matrix Ωξ defined

in Section 2.1.1 has zero diagonal, so it lies in Altn. We call h = 0 the symmetric case and h = n
the all-ones case.

The linear map A 7→ A⊤ −A has kernel Symn and image Altn. Hence, for every Ω ∈ Altn, the
fibre Symn(Ω) is an affine translate of Symn and has cardinality 2(

n+1
2
).

To describe these fibres explicitly, let Im and Jm denote the m × m identity and all-ones
matrices, respectively. Up to coordinate permutation, the fibre attached to ξ depends only on
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h: conjugation by a permutation matrix identifies the corresponding fibres and preserves corank.
We may therefore order the coordinates so that ξi = 1 exactly for i ≤ h; then

Symn(Ωξ) =

{(
A1 V
V ⊤ A2

)
: A1 ∈ Symh(Jh + Ih), A2 ∈ Symn−h, V ∈ Math×(n−h)(F2)

}
.

In these coordinates,
rankΩξ ∈ {h− 1, h}. (36)

Thus the symmetry defect has rank 0 in the symmetric case and rank at least αn − 1 whenever
|ξ| ≥ αn. For n ≤ 1, Jn + In = 0 and the fibre is simply Symn.

For the moment calculations, the required input from these fibres is the joint distribution of
Ax1, . . . , Axk when x1, . . . ,xk are linearly independent.

Lemma 2.9. Let Symn(Ω) be as in Definition 2.5, with Ω ∈ Altn, and let 1 ≤ k ≤ n. Suppose
that x1, . . . ,xk ∈ Fn

2 are linearly independent, and let y1, . . . ,yk ∈ Fn
2 be arbitrary. Then

PA∼Unif(Symn(Ω))

(
Axi = yi ∀i ≤ k

)
= 1{y•∈Λ} · 2

−
(
kn−(k

2
)
)
,

where the compatibility set is

Λ :=
{
y• : x⊤

i yj + x⊤
j yi = x⊤

i Ωxj (i < j)
}
.

In particular, if k = 1, then P(Ax = y) = 2−n for every x 6= 0 and every y. For general k,
P(Axi = yi ∀i) ≤ 2−(kn−(k

2
)) for every Ω.

Proof. Fix A0 ∈ Symn(Ω). Since Symn(Ω) = A0 + Symn, S := A− A0 is uniform on Symn, and
Axi = yi reads Sxi = zi with zi := yi − A0xi. Extend x1, . . . ,xk to a basis of Fn

2 and consider
the F2-linear map

Φ : Symn → (Fn
2 )

k, S 7→ (Sx1, . . . , Sxk).

In the chosen basis, S ∈ kerΦ if and only if the first k rows, and hence by symmetry the first k
columns, of the matrix of the bilinear form S vanish; thus dimkerΦ =

(
n−k+1

2

)
and

dim imΦ =

(
n+ 1

2

)
−
(
n− k + 1

2

)
= kn−

(
k

2

)
.

Since S is symmetric, x⊤
i Sxj = x⊤

j Sxi, so imΦ is contained in

Λ0 := {z• : x⊤
i zj = x⊤

j zi (i < j)}.

The
(
k
2

)
defining functionals are linearly independent because x1, . . . ,xk are, so dimΛ0 = kn −(

k
2

)
= dim imΦ. Hence imΦ = Λ0.

The system is therefore solvable exactly when z• ∈ Λ0. After substituting zi = yi − A0xi and
using A⊤

0 − A0 = Ω, this condition becomes y• ∈ Λ. When it holds, the solution set is a coset of
kerΦ, and hence has probability

| kerΦ|
| Symn |

= 2
−
(
kn−(k

2
)
)
.

□

For a dependent tuple, apply Lemma 2.9 to a basis of its span. The remaining equations
are then either forced or inconsistent. Consequently, the probability exponent depends only on
dim span(x•), while consistency is expressed by pairwise bilinear conditions. This is the form
needed in the moment calculation.
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2.2.2. Gaussian-binomial moments and inversion. Gaussian-binomial moments convert the pre-
ceding probabilities into information about corank distributions. We state the required identities
for an arbitrary prime power q, although only q = 2 is used later. With the notation ηk(q) fixed
in the introduction, write[

n

k

]
q

:=
k−1∏
i=0

q n−i − 1

q k−i − 1
= qk(n−k) ηn(q)

ηk(q)ηn−k(q)
(0 ≤ k ≤ n),

with
[
n
0

]
q
:= 1 and

[
n
k

]
q
:= 0 for k < 0 or k > n. Thus

[
n
k

]
q

is the number of k-dimensional
subspaces of an n-dimensional vector space over Fq. We also write

|GLu(q)| = q(
u
2
)

u∏
i=1

(qi − 1) = qu
2
ηu(q), |GLu | := |GLu(2)|.

For a nonnegative integer-valued random variable X, its u-th Gaussian-binomial moment is

E
[
X

u

]
2

.

When X is the corank of a matrix, this is the expected number of u-dimensional subspaces of its
kernel. The surjection moments used in random-group and random-cokernel problems satisfy

E#Sur(FX
2 ,Fu

2 ) = |GLu |E
[
X

u

]
2

.

Thus the two kinds of moments differ by the factor |GLu |; see [35, 34] for systematic treatments.
We use Gaussian-binomial moments because the q-binomial transform below acts directly on
E
[
X
u

]
2
.

For completeness, we record these standard identities and their proofs, so that the truncated-
inversion argument used later is self-contained.

Proposition 2.10. Let q be a prime power.
(i) (Subspace-counting bounds) For 0 ≤ k ≤ n, qk(n−k) ≤

[
n
k

]
q
≤ η∞(q)−1qk(n−k).

(ii) (q-Pascal) For 0 ≤ k ≤ n,
[
n
k

]
q
=
[
n−1
k

]
q
+ q n−k

[
n−1
k−1

]
q
.

(iii) (q-chain) For 0 ≤ a ≤ u ≤ x,
[
x
u

]
q

[
u
a

]
q
=
[
x
a

]
q

[
x−a
u−a

]
q
.

(iv) (q-binomial inversion) For m ≥ 0,
∑m

j=0(−1)jq(
j
2
)[m

j

]
q
= 1{m=0}. Equivalently, the infinite

lower-triangular matrices

(Gq)x,u :=

[
x

u

]
q

, (G−1
q )u,a := (−1)u−aq(

u−a
2
)
[
u

a

]
q

(0 ≤ a ≤ u ≤ x) (37)

satisfy, for all x, a ≥ 0,∑
u≥0

(Gq)x,u(G
−1
q )u,a =

∑
u≥0

(G−1
q )x,u(Gq)u,a = 1{x=a}.

(v) (q-binomial remainder) For N ≥ 0 and 0 ≤ m ≤ N ,
m∑
j=0

(−1)jq(
j
2
)
[
N

j

]
q

= (−1)mq(
m+1

2
)
[
N − 1

m

]
q

. (38)

Proof. For (i), write
[
n
k

]
q
= qk(n−k)

∏k
i=1(1 − q−(n−k+i))/(1 − q−i). Every factor lies between 1

and (1− q−i)−1.
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For (ii), classify the k-dimensional subspaces W of an n-dimensional space by whether W is
contained in a fixed hyperplane. Formula (iii) follows by counting flags W ⊆ U with dimW = a
and dimU = u in two orders.

For (iv), substitute t = −1 in the q-binomial theorem
∏m−1

i=0 (1+ qit) =
∑m

j=0 q
(j
2
)[m

j

]
q
tj . Using

(iii),

(GqG
−1
q )x,a =

x∑
u=a

[
x

u

]
q

(−1)u−aq(
u−a
2
)
[
u

a

]
q

=

[
x

a

]
q

x−a∑
j=0

(−1)jq(
j
2
)
[
x− a

j

]
q

= 1{x=a}.

The same calculation gives G−1
q Gq = I.

Finally, (v) follows by induction on m. Expanding the last term with (ii) and using
(
m+1
2

)
=(

m
2

)
+m cancels the two contributions containing

[
N−1
m−1

]
q

and leaves the displayed expression. □

2.2.3. Subspace-incidence estimates. The moment calculations reduce to incidence counts for or-
dered independent tuples relative to fixed subspaces and alternating forms. We record the three
estimates used later.

Lemma 2.11. Let K ⊆ F r
q have codimension γ. For 0 ≤ t ≤ u ≤ γ, the number of ordered

linearly independent u-tuples (x1, . . . ,xu) satisfying dim(span(x1, . . . ,xu) ∩K) = t equals[
u

t

]
q

q ru−tγ
u−t−1∏
i=0

(1− q i−γ)
t−1∏
i=0

(1− q i−(r−γ)) ≤
[
u

t

]
q

q ru−tγ .

In particular, when t = 0, this number is

q ru
u−1∏
i=0

(1− q i−γ) = q ru(1 +O(q u−γ)),

and the tuples with t ≥ 1 form an O(q u−γ) proportion of all ordered independent u-tuples.

Proof. Put E = Fu
q , V = F r

q , and m = dimK = r − γ. Regard the tuple as the linear map
f : E → V defined by f(ei) = xi. The tuple is independent exactly when f is injective, and its
span meets K in dimension t exactly when T := f−1(K) has dimension t.

Choose T in
[
u
t

]
q

ways. The restriction f |T : T → K and the induced map f : E/T → V/K

must be injective, giving
∏t−1

i=0(q
m − qi) and

∏u−t−1
i=0 (qγ − qi) choices, respectively. Once they are

fixed, lift f on a complement of T . Each of its u− t basis vectors may be changed by an arbitrary
element of K, giving qm(u−t) maps f , all injective with f−1(K) = T . The required number is
therefore [

u

t

]
q

qm(u−t)
t−1∏
i=0

(qm − qi)

u−t−1∏
i=0

(qγ − qi).

Factoring out the powers of q and using m = r− γ gives the stated formula and its upper bound.
For t = 0, the same formula gives the displayed asymptotic. Finally, the total number of

ordered independent u-tuples is qru
∏u−1

i=0 (1 − qi−r), with the product bounded below by η∞(q).
Using

[
u
t

]
q
≤ η∞(q)−1qt(u−t), the proportion with t ≥ 1 is at most

η∞(q)−2
u∑

t=1

qt(u−t−γ) = O(qu−γ),

as required. □



16 YUE XU AND XIUWU ZHU

Lemma 2.12. Let W ⊆ F r
q have dimension m, and let G ⊆ W have dimension g. Let 0 ≤

u ≤ m. For an ordered linearly independent u-tuple (y1, . . . ,yu) ∈ W u, say that yj falls in if
yj ∈ G+ span(y1, . . . ,yj−1). The number of such tuples with exactly f fall-ins, where 0 ≤ f ≤ u,
is

|GLu(q)| q(u−f)(g−f)

[
g

f

]
q

[
m− g

u− f

]
q

≤
(
u

f

)
qm(u−f)q(g+u)f .

Proof. A fall-in increases dim(G ∩ span(y1, . . . ,yj)) by one, whereas a non-fall-in leaves it un-
changed. Hence the tuples counted are exactly the ordered bases of the u-dimensional subspaces
U ⊆W with dim(U ∩G) = f . The standard count of such subspaces gives the first formula. For
the upper bound, choose the f fall-in positions and bound the number of choices at a fall-in by
qg+u and at any other position by qm. □

Lemma 2.13. Let B be an alternating bilinear form on F r
q , let rB := rankB, and let rad(B) :=

{x : B(x, y) = 0 for all y}. A subspace U is totally isotropic if B(x, y) = 0 for all x, y ∈ U . The
number Niso(u) of u-dimensional totally isotropic subspaces, for 0 ≤ u ≤ r, satisfies

Niso(u)q
−(ru−(u

2
)) =

1

|GLu(q)|

(
1 +O(q 2u−rB ) +O(q(

u+1
2
)−rB )

)
.

If B is nondegenerate, that is, rad(B) = 0, the exact formula is

Niso(u)q
−(ru−(u

2
)) =

1

|GLu(q)|

u−1∏
i=0

(1− q 2i−r).

Proof. Suppose first that B is nondegenerate. After choosing x1, . . . ,xi, the next vector lies in
their orthogonal complement but not in their span, giving qr−i− qi choices. Dividing the product
by the number |GLu(q)| of ordered bases gives the exact formula.

For general B, one has dim rad(B) = r − rB. Separate the isotropic subspaces U according as
U ∩ rad(B) is zero or nonzero. In the first case, projection to Fr

q/ rad(B) is injective, and each
isotropic image has qu(r−rB) lifts. The nondegenerate formula in dimension rB contributes

1

|GLu(q)|

u−1∏
i=0

(1− q2i−rB ) =
1

|GLu(q)|
(1 +O(q2u−rB )).

If U ∩ rad(B) 6= 0, then U contains a line in rad(B); the number of such subspaces is at most
(qr−rB − 1)

[
r−1
u−1

]
q
. After multiplication by q−(ru−(u

2
)), this contributes |GLu(q)|−1O(q(

u+1
2
)−rB ).

□

3. From arithmetic boxes to random matrix pairs

For d with r = ω(d) ≥ 2, the joint 4-rank is Joint4rkr(χ(d)), where χ(d) ∈ Resr records the
relevant residue symbols; see (30). The cases r ≤ 1 have density zero. If instead χ is uniform on
Resr, then (33) identifies the distribution of Joint4rkr(χ) with the corank-pair distribution of the
random matrix model. Thus the arithmetic problem is reduced to comparing the assignments χ(d)
arising from primes with a uniform assignment χ. Since Joint4rkr is invariant under relabelling
and total variation decreases under pushforward, (34) shows that a bound for the permutation-
averaged assignment distribution gives the corresponding bound for the joint 4-ranks.

Smith’s box method provides this assignment comparison [31, Theorem 5.4, Propositions 6.9–
6.10 and Theorem 6.4]. His positive covering reduces the count over Fd0(X) to prime-coordinate
boxes, in which the varying primes range independently over disjoint intervals. On each box
satisfying the required size and spacing conditions, the residue-symbol theorem compares the
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permutation-averaged distribution of χ(d) with the uniform measure on Resr. Pushing this es-
timate forward by Joint4rkr gives the boxwise comparison with the random matrix model, and
summing the box estimates returns the desired comparison over Fd0(X).

3.1. Admissible boxes. Smith’s box construction is motivated by the standard model in which,
conditional on their number, the log log p-coordinates of the prime factors of a typical integer
resemble the order statistics of uniform points on [0, log logX]; see [31, §5] and [13]. The precise
estimates needed here are summarized in Proposition 3.1.

We now make the construction precise for the integer family. Fix the squarefree integer d0 > 1
and recall Fd0(X) from (1). All varying prime factors belong to

Pd0 = {p prime : p ∤ 2d0}.
Smith’s covering propositions are stated for integers having no prime factor below a fixed cutoff
greater than 3. To pass to the family above without changing it, fix once and for all

D∗ > max
(
3,max

p|2d0
p
)
.

Write d = am, where a is supported on the finitely many primes p < D∗ in Pd0 . On each fixed-a
slice, m belongs, in Smith’s notation, to

Sr−ω(a)(X/a,D∗).

We apply the covering there and then reinsert the prime factors of a as frozen singleton coordinates.
There are Od0(1) such slices, and the changes X 7→ X/a and r 7→ r−ω(a) are bounded in terms of
d0. Thus all estimates below remain uniform after the slices are summed. References to Smith’s
positive covering are understood in this slice-wise sense.

For r ≥ 0, let
Sr(X; d0) = {d ∈ Fd0(X) : ω(d) = r}.

The Sathe–Selberg and Erdős–Kac theorems place almost all the mass in the range r = log logX+
O((log logX)2/3) [30, 5]. For such an r, the box construction uses the following estimates on the
sizes and the spacing of the prime factors p1 < · · · < pr of d.

Following Smith [31], d is called comfortably spaced above D1 if

2D1 < pi <
pi+1

2
whenever i < r and pi > D1,

and η-regular if
| log log pi − i| < η1/5max{i, η}4/5 (1 ≤ i < r/3).

Comfortable spacing supplies disjoint intervals for the active coordinates; regularity supplies the
size estimates required by the residue-symbol argument. The choices of D1 and η used in the
covering are fixed as functions of X in Definition 3.4.

Proposition 3.1. Suppose that
|r − log logX| < (log logX)2/3.

The following estimates hold uniformly in this range.
(i)

#Sr(X; d0) �d0

X

logX

(log logX)r−1

(r − 1)!
,

and ∑
r≥0

|r−log logX|≥(log logX)2/3

#Sr(X; d0) � exp
(
−c(log logX)1/3

)
#Fd0(X).
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(ii) For D1 > 3 and ε > 0, the proportion of elements of Sr(X; d0) not comfortably spaced
above D1 is

Od0,ε

(
(logD1)

−1 + (logX)−1/2+ε
)
.

(iii) For η > 1, the proportion of elements of Sr(X; d0) that are not η-regular is

Od0

(
e−cη + e−c(log logX)1/3

)
.

Proof. Part (i) is the Sathe–Selberg estimate together with the usual Erdős–Kac tail. Parts (ii)
and (iii) are [31, Theorem 5.4(1)–(2)], applied on each fixed-a slice described above. The bounded
shifts of X and r do not change the displayed ranges or errors, and summing the finitely many
slices preserves uniformity. The restriction p ∤ 2d0 changes the relevant prime harmonic sum only
by a bounded term: ∑

p≤z
p∈Pd0

1

p
= log log z +Od0(1).

□
Definition 3.2. Let D1 > 3, r ≥ 1 and 0 ≤ m0 < r. A prime-coordinate box above D1 is

X = X1 × · · · ×Xr,

where Xi = {pi} with pi < D1 for i ≤ m0, while for i > m0 the set Xi consists of primes in Pd0

lying in an interval (ti, t′i), with

t′i =

(
1 +

1

e i−m0 logD1

)
ti.

For i ≤ m0, choose auxiliary endpoints ti < pi < t′i < D1 so that pi is the only prime in (ti, t
′
i)

and the full endpoint sequence remains strictly increasing. The active intervals lie above D1, are
pairwise disjoint and are arranged in increasing order. The first m0 coordinates are frozen and
the remaining coordinates are active. The integer image of X is

BX = {x1 · · ·xr : xi ∈ Xi, x1 · · ·xr ≤ X} ⊆ Sr(X; d0).

These are the coordinate widths and frozen coordinates in Smith’s construction preceding [31,
Proposition 6.9]. The coordinate primes here range over Pd0 , and the multiplication map is
injective. We restrict to the boxes in the positive covering for which every tuple has product at
most X; for these boxes

#BX =
r∏

i=1

#Xi. (39)

Thus X is a space of ordered prime coordinates, whereas BX is a set of integers; equation (39)
identifies their counting measures. Definition 3.2 is parametric in the cutoff D1; the arithmetic
covering uses the X-dependent choice in Definition 3.4.

For d = p1 · · · pr, put
ωD1(d) = #{p | d : p < D1}.

The construction freezes these ωD1(d) small-prime coordinates.
We must also exclude boxes containing exceptional real characters. Put

E = Q
(
ζ8,
√
q∗1, . . . ,

√
q∗s
)
, d0 = 2eq1 · · · qs.

Let χn be the quadratic character associated with Q(
√
n). Fix the absolute constant czf , and let

Dexc be the set of squarefree integers n for which L(s, χn) has a real zero in

1− czf
log(|n|+ 4)

≤ s ≤ 1.
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The box X is called E-Siegel-free above D1 if

u
∏
i∈I

xi /∈ Dexc (40)

for every (x1, . . . , xr) ∈ X, every I ⊆ {1, . . . , r}, every squarefree u whose squareclass is generated
by −1, 2, q1, . . . , qs, whenever the absolute value in (40) exceeds D1. This is [31, Definition 6.2]
for P = {−1, 2, q1, . . . , qs}.

Proposition 3.3. Let D1 > 3. The following estimates hold, the second uniformly for r in the
range of Proposition 3.1.

(i)
#{d ∈ Fd0(X) : ωD1(d) > 2 log logD1}

#Fd0(X)
�d0 (logD1)

−(2 log 2−1).

(ii)

#{d ∈ Sr(X; d0) : d occurs in a non-E-Siegel-free box} �d0

#Sr(X; d0)

logD1
.

Proof. For the first estimate, observe that

2ωD1
(d) =

∑
a|d

p|a=⇒ p<D1

µ2(a).

Since #Fd0(X) �d0 X and, uniformly for squarefree a supported on primes below D1 with
(a, 2d0) = 1,

#{d ∈ Fd0(X) : a | d} �d0

X

a
,

interchanging the two sums and applying Mertens’ theorem gives
1

#Fd0(X)

∑
d∈Fd0

(X)

2ωD1
(d) �d0

∏
p<D1
p∤2d0

(
1 +

1

p

)
�d0 logD1.

Markov’s inequality gives part (i). For the second, apply Landau’s separation theorem and [31,
Proposition 6.10] to the finitely many squareclasses generated by P . □

Smith’s residue-symbol theorem uses auxiliary constants c1, . . . , c12. Fix, once and for all,

ccut =
1

200
, c1 = 1000, c2 =

1

1000
, c3 = 2, c4 = 9, c5 = 4, c6 =

1

2000
,

c7 =
1

100
, c8 =

1

1000
, c9 = c10 =

1

50
, c11 =

1

100
, c12 =

1

200
.

These constants satisfy the hypotheses of [31, Theorem 6.4] and the parameter inequalities used
in [31, Corollary 6.11]. Choose 0 < creg < ccut sufficiently small for the regularity estimates in
that corollary.

Definition 3.4. Fix the squarefree integer d0 > 1 and the constants chosen above. For all
sufficiently large X, put

D1 = D1(X) = exp

((
1

2
log logX

)ccut)
, η = η(X) = creg log log logX. (41)

Let X = X1 × · · · ×Xr be a prime-coordinate box above D1(X), and write m0 for its number
of frozen coordinates. The box X is admissible at height X if the following conditions hold.
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(i) It belongs to Smith’s positive covering and contains a comfortably spaced, η(X)-regular
integer, with

|r − log logX| < (log logX)2/3.

(ii) Its number of frozen coordinates satisfies
m0 ≤ 2 log logD1.

(iii) It is E-Siegel-free above D1.

The scales D1 and η depend on X, while r and m0 depend on the box. In particular,
m0 � log log logX, r � log logX.

Propositions 3.1 and 3.3 show that the losses from atypical prime-factor geometry, excessive
freezing and exceptional real characters have total proportion

Od0

(
(log logX)−c

)
for some c > 0.

Smith’s positive-covering argument transfers a uniform estimate on admissible boxes to the orig-
inal family. Smith performs the weighted integration in [31, Proposition 6.9]; the same calculation
is written out in [1, Theorem 5.13].

Proposition 3.5. Fix a squarefree integer d0 > 1 and the constants ccut, creg chosen above. For
each sufficiently large X, let D1(X) and η(X) be the scales in (41). There is

cbox = cbox(d0, ccut, creg) > 0

with the following property. Let A ⊆ Fd0(X) and 0 ≤ θ ≤ 1. If, for some εbox ≥ 0,∣∣∣∣#(A ∩BX)

#BX
− θ

∣∣∣∣ ≤ εbox (42)

for every admissible box X at height X, then∣∣∣∣ #A
#Fd0(X)

− θ

∣∣∣∣�d0,ccut,creg (log logX)−cbox + εbox. (43)

Consequently, if Y : Fd0(X) → Z is any statistic with countable state space and ρ is a probability
measure on Z, then∑

ω∈Z

∣∣∣∣#{d ∈ Fd0(X) : Y (d) = ω}
#Fd0(X)

− ρ(ω)

∣∣∣∣
�d0,ccut,creg (log logX)−cbox + sup

X

∑
ω∈Z

∣∣∣∣#{d ∈ BX : Y (d) = ω}
#BX

− ρ(ω)

∣∣∣∣ , (44)

where the supremum is over the admissible boxes.

Proof. Let GX consist of the integers d ∈ Fd0(X) for which r = ω(d) lies in the range of Propo-
sition 3.1, d is comfortably spaced and η(X)-regular, ωD1(d) ≤ 2 log logD1, and d occurs only in
E-Siegel-free boxes. Proposition 3.1 and Proposition 3.3 give

#
(
Fd0(X) \ GX

)
�d0,ccut,creg (log logX)−c#Fd0(X)

for some c > 0. Every box in Smith’s positive covering that meets GX is admissible.
On each fixed-r, fixed-a, fixed-m0 slice, restrict Smith’s box-parameter measure to boxes meet-

ing GX and rescale it by the reciprocal membership factor used in the proof of [31, Proposition 6.9].
Sum these measures over the slices. For the resulting measure ν, put

w(d) :=

∫
1{d∈BX} dν(X).
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The calculation in that proof gives 0 ≤ w(d) ≤ 1, with w(d) = 1 for d ∈ GX outside the terminal
range

X(1− C/ logD1) ≤ d ≤ X

for an absolute C > 0. The Sathe–Selberg estimate used there gives

#{d ∈ Fd0(X) : X(1− C/ logD1) ≤ d ≤ X} �d0

#Fd0(X)

logD1
.

Consequently, ∑
d∈Fd0

(X)

|1− w(d)| �d0,ccut,creg (log logX)−c#Fd0(X).

Integrating (42) over these admissible boxes gives∣∣∣∣∣∣
∑
d∈A

w(d)− θ
∑

d∈Fd0
(X)

w(d)

∣∣∣∣∣∣ ≤ εbox#Fd0(X).

Replacing the weights by 1 proves (43).
For (44), let the supremum on its right-hand side be δ. For every E ⊆ Z, the local error for

A = Y −1(E) and θ = ρ(E) is at most δ/2. Apply the first assertion and then use the identity
between total variation and the supremum over events. □

By Proposition 3.5, it remains to prove a uniform boxwise estimate for the residue assignment.

3.2. Equidistribution of residue assignments. Fix an admissible box X = X1 × · · · × Xr,
and use the injective coordinate parametrisation in (39) to write d = p1 · · · pr with pi ∈ Xi. Let

µX :=
1

#BX

∑
d∈BX

δχ(d)

be the empirical distribution on Resr of the residue assignment (17), and let µsymX be its permuta-
tion average, defined as in Section 2.1.3. Thus µX is the actual symbol distribution on the box,
while Smith’s theorem controls its symmetrisation.
Proposition 3.6. Fix d0 > 1. There is csym = csym(d0) > 0 such that, for every admissible box
X at height X and all sufficiently large X,∥∥µsymX −Unif(Resr)

∥∥
1
�d0 (log logX)−csym . (45)

Proof. Smith’s assignment theorem records the symbols between pairs of box coordinates and
against a fixed finite set P . In [31, Definition 6.1], take

P0 = {2, q1, . . . , qs}, P = {−1} ∪ P0,

M =
{
{i, j} : 1 ≤ i < j ≤ r

}
, MP = [r]× P.

For these maximal choices, the assignment space has cardinality #Resr, so the uniform main term
in Smith’s theorem is 1/#Resr.

Smith records [ pipj ] and [ qkpi ], while (17) uses prime discriminants. The two assignments are
exchanged by the involution Θ : Resr → Resr given by

Θ(χ)ij = χij + u−1,iu−1,j (i < j), Θ(u∆k
)i = u∆k,i + [−1

qk
]u−1,i (1 ≤ k ≤ s),

with u−1 and u2 fixed. Quadratic reciprocity shows that Θ converts the raw symbols to those in
(17). It is action-equivariant and preserves Unif(Resr), so it suffices to prove (45) for Smith’s raw
assignment.

The field-theoretic independence hypothesis also holds. Every prime ramified in E divides
2d0, whereas every nonempty product of the p∗i is ramified at some pi ∤ 2d0. Thus the varying
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squareclasses are independent over E, and (40) is precisely Smith’s Siegel-less condition for the
set P above.

We apply [31, Theorem 6.4] with the constants fixed above and the parameter choice of [31,
Corollary 6.11]. Namely, take

k0 = m0, k2 = r, t = D1, t′ = t′m0+1,

so Smith’s permutation group is Sr and his normalization is r!. Let k1 be the least index at least
k0 for which

t′k1+1 > exp(Dc6
1 ).

The required scale comparison is obtained by putting L = log logX and R = logL. Admissibility
gives

log logD1 = ccutR+O(1), r = L+O(L2/3), m0 ≤ 2ccutR+O(1).

Thus ccut plays the role of the cutoff constant in the proof of that corollary. The numerical
inequalities among the constants fixed above, together with a sufficiently small choice of creg,
give conditions (1)–(6) of the theorem by the verification in that corollary. The fixed set P is
absorbed in the constant terms, [31, Proposition 6.7] handles the frozen singleton coordinates,
and the bound m0 ≤ 2 log logD1 is absorbed by the chosen margins. Moreover, regularity at the
first coordinate and the choice of creg give m0 ≥ 1 for all sufficiently large X; hence the endpoint
convention t′m0

< D1 < t′m0+1 covers the boundary case k1 = k0. The remaining Siegel-less
hypothesis is condition (iii) of Definition 3.4.

With k2 = r, the conclusion of the theorem reads∑
χ0∈Resr

∣∣∣∣∣ 1r! ∑
π∈Sr

#{d ∈ BX : π · χ(d) = χ0}
#BX

− 1

#Resr

∣∣∣∣∣ ≤ r−c12 + (t′)−c8 ,

where we used (39) to identify #BX with the number of coordinate tuples. Finally t′ = t′m0+1 >

D1(X) and r � log logX, so the right-hand side is Od0

(
(log logX)−csym

)
for any csym < c12. □

Corollary 3.7. For all sufficiently large X, let X be an admissible box at height X. Then∑
j∈Z2

≥0

∣∣∣∣#{d ∈ BX : (r4(−d), r4(−d0d)) = j}
#BX

−
(
(Joint4rkr)∗Unif(Resr)

)
(j)

∣∣∣∣
�d0 (log logX)−csym .

Proof. By (30), the empirical distribution in the statement is (Joint4rkr)∗µX. Therefore∥∥(Joint4rkr)∗µX − (Joint4rkr)∗Unif(Resr)
∥∥
1

=
∥∥(Joint4rkr)∗µsymX − (Joint4rkr)∗Unif(Resr)

∥∥
1

≤
∥∥µsymX −Unif(Resr)

∥∥
1
.

The equality is (34); the inequality is contraction under pushforward. Proposition 3.6 proves the
result. □

3.3. Family transfer. Combining the boxwise estimate with the positive covering gives the
required transfer from the arithmetic family to the matrix model.

Theorem 3.8. Fix d0 > 1 and 0 < α < 1/2. There exists ctr = ctr(d0, α) > 0 such that, with
µ
(d0)
X as in (2), for every probability measure ρ on Z2

≥0 and all sufficiently large X,∥∥µ(d0)X − ρ
∥∥
1
�d0,α (log logX)−ctr + sup

|r−log logX|<(log logX)2/3

|u−1|≥αr

∥∥LawMatDatar(u−1)(Z)− ρ
∥∥
1
, (46)
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where the supremum is over r in the displayed range and u−1 ∈ Fr
2 of weight at least αr.

Proof. Put Y (d) =
(
r4(−d), r4(−d0d)

)
, and let νX be the distribution of Y (d) for uniform d ∈ BX.

By Corollary 3.7, ∥∥νX − (Joint4rkr)∗Unif(Resr)
∥∥
1
�d0 (log logX)−csym

uniformly over the admissible boxes at height X; here r is the number of coordinates of X.
Apply (44) to Y and to the given ρ, and bound each box term by the triangle inequality
through (Joint4rkr)∗Unif(Resr). Since the admissible boxes at height X have |r − log logX| <
(log logX)2/3, this yields the intermediate estimate∥∥µ(d0)X − ρ

∥∥
1
�d0 (log logX)−ctr + sup

|r−log logX|<(log logX)2/3

∥∥(Joint4rkr)∗Unif(Resr)− ρ
∥∥
1
.

Finally, (33) writes each finite pushforward as the uniform mixture, over u−1 ∈ Fr
2, of

LawMatDatar(u−1)(Z).

Convexity of the ℓ1 norm bounds the last norm by

max
|u−1|≥αr

∥∥LawMatDatar(u−1)(Z)− ρ
∥∥
1
+ 2 · 2−r#{u−1 : |u−1| < αr},

since the ℓ1 distance between two probability measures is at most 2. The second term is at most
2e−2(1/2−α)2r by (35), hence Oα((logX)−c) for some c = c(α) > 0 in the displayed range of r.
Shrinking ctr proves (46). □

Remark 3.9. The same box construction can be adapted when every prime factor is required
to lie in a fixed Frobenius class of a multiquadratic field F . The typical value of r is then
[F : Q]−1 log logX, and Unif(Resr) is replaced by the conditional uniform measure on the affine
coset determined by the characters common to E and F . This conditioning can change the induced
distribution of the matrix pair: for F = Q(i) it prescribes the sign vector u−1, and for F = Q(ζ8)
it also fixes the symbols at 2. In particular, Theorem 3.8 concerns the full space Resr. Under a
fixed-sign condition its target must be replaced by the corresponding conditional distribution of
the residue assignments; its matrix pushforward requires a separate analysis.

4. Joint coranks of bordered matrices

The family transfer (46) reduces the problem to a uniform estimate for the corank pair on the
uniform probability space MatDatar(u−1) introduced in Section 2.1.3. Fix d0, r and u−1; the
2-adic stratum is determined by d0 and |u−1|. We prove an ℓ1 error bound Cηr, with η ∈ (0, 1),
uniformly for |u−1| ≥ αr. The complementary sign vectors have exponentially small mass by (35).

This estimate is assembled in three steps. We first prove a quantitative truncated inversion
of the one-dimensional Gaussian-binomial moment transform and apply it to a single core block.
We then pass to the two-dimensional transform, whose inverse is the tensor power of the one-
dimensional inverse but whose truncation residual needs its own bivariate estimate, and extract
from it a criterion that converts conditional mixed moments on a good event into a total-variation
bound. We finally verify that criterion for the bordered pair by estimating its conditional mixed
moments. The last step does not follow from the first: the two fixed border widths need not agree,
and the diagonal perturbation ud0 and the upper border U are determined by the lower-border
data and the sign vector rather than sampled independently.
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4.1. One-dimensional truncated inversion for corank distributions. The normalization
here differs from the ordinary size moments occurring, for example, in the work of Fouvry–Klüners
and Smith [7, 33]. As recalled in Section 2.2.2, the Gaussian-binomial moment of a corank variable
X is a normalized surjection moment:

E#Sur(FX
2 ,Fu

2 ) = |GLu |E
[
X

u

]
2

.

Thus it is the surjection-moment normalization used in random finite-group and cokernel prob-
lems; see [35, 34]. Equivalently,

[
X
u

]
2

is a polynomial of degree u in 2X , so these moments form
a triangular change of basis from ordinary moments of 2X . This basis counts u-dimensional
kernel subspaces, and Lemma 2.9 makes it accessible one order at a time. Fixed-order conver-
gence of these moments, together with a uniqueness argument, is sufficient to identify a limiting
distribution.

Fixed-order convergence and uniqueness do not by themselves retain a rate. To obtain a total-
variation bound Cηn with η ∈ (0, 1), we retain moments only through an order D that grows with
the matrix size, apply the bounded inverse to this truncated moment sequence, and estimate the
residual explicitly. This is the quantitative truncated inversion used below.

We first develop it in one variable. The tensor-product inverse and the multivariable residual
are treated in Section 4.2.

4.1.1. Gaussian-binomial inversion and truncation. At q = 2, set

γu,a := (G−1
2 )u,a = (−1)u−a2(

u−a
2
)
[
u

a

]
2

(0 ≤ a ≤ u).

For a finite signed measure σ on Z≥0 and every u for which mu(|σ|) <∞, set

mu(σ) :=
∑
x≥u

[
x

u

]
2

σ(x). (47)

When these absolute moments are finite for every u, write (Gσ)u = mu(σ) and m(σ) = Gσ for
the full Gaussian-binomial moment transform. For a finitely supported measure the transform is
triangular, and finite q-binomial inversion reads

σ(a) =
∑
u≥a

γu,amu(σ).

Set
θu := 2−u(u+1)/2, (48)

and define
‖z‖∞,θ := sup

u≥0

|zu|
θu

, ℓ∞θ (Z1
≥0) := {z : ‖z‖∞,θ <∞}.

For z ∈ ℓ∞θ (Z1
≥0), define (

G−1z
)
(a) :=

∑
u≥a

γu,azu.

Theorem 4.1 shows that this series defines an ℓ1-sequence. If m(|σ|) ∈ ℓ∞θ (Z1
≥0), the residual

estimate below shows that G−1Gσ = σ; no inversion is asserted here under the weaker assumption
that all moments are merely finite.

Thus G maps
{σ ∈ ℓ1(Z≥0) : m(|σ|) ∈ ℓ∞θ (Z1

≥0)}
to ℓ∞θ (Z1

≥0), with formal inverse bounded from ℓ∞θ (Z1
≥0) to ℓ1(Z≥0).
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Theorem 4.1. The operator G−1 maps ℓ∞θ (Z1
≥0) continuously into ℓ1(Z≥0), and

∥∥G−1z
∥∥
1
≤ Cinv‖z‖∞,θ, Cinv :=

∑
u≥0

θu

u∑
a=0

|γu,a| <∞.

Proof. Put t = u− a. Proposition 2.10(i) gives

θu|γu,a| ≤ η∞(2)−12−u(u+1)/2+(t
2
)+at = η∞(2)−12−a(a+1)/2−t ≤ η∞(2)−12−u.

Thus Cinv =
∑

u θu
∑

a≤u |γu,a| <∞, and∥∥G−1z
∥∥
1
≤
∑
a≥0

∑
u≥a

|γu,a| |zu| ≤ ‖z‖∞,θ

∑
u≥0

θu
∑
a≤u

|γu,a|

by Tonelli’s theorem. □

Let PD denote truncation of a sequence: (PDz)u = zu when u ≤ D, and zero otherwise. Suppose
first that mu(|σ|) <∞ for every u, so that the whole sequence m(σ) is defined, and set

QD := G−1PDG, (49)

and define the residual
rD(σ) := (id−QD)σ = σ − G−1PDm(σ). (50)

QD takes a finite signed measure to its moment sequence, retains the orders 0, . . . , D, and applies
the bounded inverse. Since the composite G−1PDG reads no higher moment, the same formulas
define QDσ and rD(σ) whenever mu(|σ|) <∞ only for 0 ≤ u ≤ D, even if the upper-right corner
of the full transform is unavailable.

Truncation need not return σ: the decomposition

σ = QDσ + rD(σ)

isolates in rD(σ) exactly the part of σ that the retained moments do not control. The two terms
are estimated separately: Theorem 4.1 bounds ‖QDσ‖1 in terms of the retained moments, and
Lemma 4.2 bounds ‖rD(σ)‖1 by a single higher moment. These are the two terms of the truncated
inversion inequality below.

Lemma 4.2. There is an absolute constant C such that, for every finite signed measure σ with
mD+1(|σ|) <∞,

‖rD(σ)‖1 ≤ C(D + 1)2D(D+1)/2mD+1(|σ|).

Proof. Apply the truncated inverse first to a point mass at x. Finite q-binomial inversion gives

1{a=x} =
x∑

u=a

γu,a

[
x

u

]
2

.

Consequently the residual has the pointwise kernel representation

rD(σ)(a) =
∑
x

σ(x)KD(x, a), KD(x, a) :=
x∑

u=max(a,D+1)

γu,a

[
x

u

]
2

.

Every inner sum is finite, so this identity uses only the assumed absolute (D+1)-st moment. For
x > D and a ≤ D, the q-chain identity and (38) give

|KD(x, a)| =
[
x

a

]
2

2(
D−a+1

2
)
[
x− a− 1

D − a

]
2

.



26 YUE XU AND XIUWU ZHU

Summing over a ≤ D and using Proposition 2.10(i),(iii) gives∑
a≤D

|KD(x, a)| ≤ C(D + 1)2D(D+1)/2

[
x

D + 1

]
2

.

For a > D, finite inversion gives KD(x, a) = 1{a=x}. Consequently∑
a≥0

|KD(x, a)| ≤ 1 + C(D + 1)2D(D+1)/2

[
x

D + 1

]
2

,

and the first term is absorbed by the second when x > D. The result follows after summing over
x; for x ≤ D the residual is identically zero. □

If m(|σ|) ∈ ℓ∞θ (Z1
≥0), then

‖rD(σ)‖1 � (D + 1)2D(D+1)/2θD+1 = (D + 1)2−(D+1) −→ 0.

At the same time, the tail estimate in the proof of Theorem 4.1 shows that G−1PDGσ converges
in ℓ1 to G−1Gσ. Hence G−1Gσ = σ on the domain displayed above.

Theorem 4.3. Let σ be a finite signed measure on Z≥0 with mD+1(|σ|) <∞. Then

‖σ‖1 ≤ Cinv‖PDm(σ)‖∞,θ + C(D + 1)2D(D+1)/2mD+1(|σ|), (51)

where C is the constant of Lemma 4.2.

Proof. By definition, σ = G−1PDm(σ)+rD(σ). Theorem 4.1 bounds the first term, and Lemma 4.2
bounds the second. □

The first term on the right of (51) is Cinv max0≤u≤D |mu(σ)|/θu and uses only the moments
through order D; the second controls everything that was discarded. The two terms move in
opposite directions as D grows. Balancing them gives the following criterion.

Corollary 4.4. Let σn be finite signed measures on Z≥0. Suppose that there are constants C <∞,
C1 > 1, qerr ∈ (0, 1) and β0 > 0 such that

(i) for every n and every u ≤ β0n,

|mu(σn)| ≤ CCu
1 θuq

n
err;

(ii) the absolute moment sequences are uniformly bounded at the reference scale:

K := sup
n

‖m(|σn|)‖∞,θ <∞.

Then there are C ′ <∞ and η ∈ (0, 1) such that ‖σn‖1 ≤ C ′ηn. More precisely, for every D ≤ β0n,

‖σn‖1 ≤ CCinvC
D
1 q

n
err + C ′′(D + 1)2−(D+1)K.

Choosing D = bβnc with 0 < β < β0 sufficiently small gives η = max{2−β/2, Cβ
1 qerr} < 1. At

u = 0, part (i) also controls the difference of the total masses, so no separate normalization is
required.

Proof. Apply Theorem 4.3. Part (i) bounds the truncated term by CCinvC
D
1 q

n
err. By part (ii),

mD+1(|σn|) ≤ KθD+1, and 2D(D+1)/2θD+1 = 2−(D+1), so the residual is at most C(D+1)2−(D+1)K.
The stated choice of D balances the two bounds; its polynomial factor is absorbed by decreasing
β. □
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4.1.2. Application to a single core block. For one core block, the zero- and high-rank-defect limits
are πsym and πCL, respectively.

Lemma 4.5. Let A ∼ Unif(Symn(Ω)), put X := corankA and ρn := Law(X). Then

mu(ρn) = E
[
X

u

]
2

≤ η∞(2)−1θu (n, u ≥ 0). (52)

Define the target moment

mu(Ω) :=


θu

ηu(2)
, Ω = 0,

2−u2

ηu(2)
=

1

|GLu |
, Ω 6= 0.

For the zero defect this is the limit as n → ∞; for a sequence of nonzero defects it is the limit
whenever rankΩ → ∞. More precisely,

mu(ρn)

mu(Ω)
=


u−1∏
i=0

(1− 2i−n) = 1 +O(2u−n), Ω = 0,

1 +O(22u−rankΩ) +O
(
2(

u+1
2
)−rankΩ

)
, Ω 6= 0.

Thus mu(Ω) � θu for Ω = 0, whereas mu(Ω) � 2−u2 for Ω 6= 0.

Proof. The first-moment identity is

mu(ρn) =
∑

dimW=u

P(W ⊆ kerA).

For a basis x1, . . . , xu of W , Lemma 2.9 gives P(W ⊆ kerA) = 2−(nu−(u
2
)) if W is totally isotropic

for the alternating form BΩ(x, y) = x⊤Ωy, and zero otherwise. Consequently,

mu(ρn) = Niso(u)2
−(nu−(u

2
)). (53)

If Ω = 0, every subspace is isotropic, and

mu(ρn) =

[
n

u

]
2

2−(nu−(u
2
)) =

θu
ηu(2)

ηn(2)

ηn−u(2)
. (54)

For Ω 6= 0, Lemma 2.13 gives

mu(ρn) = mu(Ω)
(
1 +O(22u−rankΩ) +O

(
2(

u+1
2
)−rankΩ

))
, mu(Ω) =

1

|GLu |
. (55)

The uniform bound follows from Niso(u) ≤
[
n
u

]
2

and Proposition 2.10(i). □
The formula (4) is normalized so that its Gaussian-binomial moments are exactly the zero-defect

target moments. Indeed, writing x = u+ j and using the product formula for
[
x
u

]
2

gives∑
x≥u

[
x

u

]
2

πsym(x) =
η∞(2)

η∞(4)

θu
ηu(2)

∑
j≥0

θj
ηj(2)

=
θu

ηu(2)
.

Here the last equality is Euler’s identity∑
j≥0

2−j(j+1)/2

ηj(2)
=
η∞(4)

η∞(2)
.

Thus bounded Gaussian-binomial inversion identifies the inverse of (mu(0))u≥0 with πsym.

Theorem 4.6. For each n, let Ωn ∈ Altn, take An ∼ Unif(Symn(Ωn)), and put Xn := corankAn.
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(1) If Ωn = 0 for every n, then
‖Law(Xn)− πsym‖1 ≤ Cηn

for some η ∈ (0, 1).
(2) If Ωn 6= 0, then, for every ϵ ∈ (0, 1),

‖Law(Xn)− πCL‖1 ≤ Cϵ2
−(1−ϵ) rankΩn .

In particular Law(Xn) → πCL whenever rankΩn → ∞; if rankΩn ≥ αn, the displayed
error is at most Cϵ(2

−(1−ϵ)α)n.
Proof. Write ρn := Law(Xn) and set

µΩn := G−1(mu(Ωn))u≥0, σn := ρn − µΩn .

Equation (52) and the corresponding target-moment bound show that all required absolute mo-
ments are finite. Converting the ratio estimates of Lemma 4.5 to the θ-weighted norm gives

|mu(σn)|
θu

�

{
2u2−n, Ωn = 0,

2u2− rankΩn , Ωn 6= 0.

In the second line the factor mu(Ωn)/θu = 2−(
u
2
)/ηu(2) cancels the quadratic growth in the relative

isotropic-subspace error.
If Ωn = 0, then mu(Ωn) = θu/ηu(2) and µΩn = πsym. Corollary 4.4, with D = bn/2c, gives

‖σn‖1 � n2−n/2.
Suppose now that sn := rankΩn > 0. Since mu(Ωn) = 1/|GLu |, Gaussian-binomial inversion

and Euler’s product identity give
µΩn(a) =

∑
u≥a

γu,amu(Ωn)

=
1

|GLa |
∑
j≥0

(1/2)(
j
2
)

ηj(2)

(
−2−(a+1)

)j
=

2−a2η∞(2)

ηa(2)2
.

Thus µΩn = πCL. Suppose that (
D + 2

2

)
≤ sn.

Then Lemma 4.5 gives
mD+1(|σn|) � 2−(D+1)2 .

Theorem 4.3 therefore bounds the truncated term by O(2D2−sn) and the residual by O((D +

1)2−(D+1)(D+2)/2). Taking
D =

⌊√
2(1− ϵ)sn

⌋
and absorbing the finitely many small values of sn into the constant gives ‖σn‖1 �ϵ 2

−(1−ϵ)sn . □
Remark 4.7 (Comparison with the one-matrix theory). For a nonzero defect, the loss of ϵ in
Theorem 4.6 comes from the error term

O
(
2(

u+1
2
)−rankΩ

)
in Lemma 2.13. This term makes the weighted moment error grow with u, so the bounded inverse
must be combined with truncation. The spectral method of [36] gives the sharper exponent
2− rankΩ for the one-matrix ensembles considered there; the estimate above is sufficient for the
joint theorem.

If rankΩ remains bounded, the second assertion is vacuous and the limiting distribution need
not be πCL. For the arithmetic defect Ω = u−1u

⊤
−1+diag(u−1), rankΩ = |u−1|+O(1). Thus only
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the near-symmetric range |u−1| = o(r) lies outside the range in which the theorem gives uniform
convergence to πCL.

4.2. Multivariable truncated inversion and joint convergence. The full multivariable mo-
ment transform and its inverse are tensor powers of their one-dimensional counterparts. Truncated
inversion additionally requires a residual estimate obtained by expanding over nonempty sets of
coordinates. The mixed-moment estimates are proved separately for the coupled matrices.

4.2.1. Tensor-product inversion. Fix m ≥ 1. For a finite signed measure σ on Zm
≥0 and a multi-

index k = (k1, . . . , km) for which mk(|σ|) <∞, set

mk(σ) :=
∑
x≥k

m∏
i=1

[
xi
ki

]
2

σ(x). (56)

When these absolute moments are finite for every k, write (Gσ)k = mk(σ) and m(σ) = Gσ. This
is the m-fold tensor power of the one-dimensional transform (47); its inverse is accordingly the
tensor power (G−1)⊗m of the one-dimensional inverse,(

(G−1)⊗mz
)
(a) :=

∑
k≥a

m∏
i=1

γki,ai zk.

Extend the weight (48) multiplicatively,

θk :=

m∏
i=1

θki ,

and define
‖z‖∞,θ := sup

k

|zk|
θk

, ℓ∞θ (Zm
≥0) := {z : ‖z‖∞,θ <∞}.

For measures we continue to use the ordinary total-variation norm ‖σ‖1 =
∑

x |σ(x)|. When
m = 1, this notation reduces to that of Section 4.1.1.

Corollary 4.8. For every m ≥ 1, the operator (G−1)⊗m maps ℓ∞θ (Zm
≥0) continuously into ℓ1(Zm

≥0),
and ∥∥(G−1)⊗mz

∥∥
1
≤ Cm

inv‖z‖∞,θ, Cinv =
∑
u≥0

θu

u∑
a=0

|γu,a|.

Proof. For m = 1 this is Theorem 4.1, which also shows Cinv <∞. For m > 1 the row sums of the
tensor product factor coordinatewise, so the one-dimensional bound applies in each coordinate;
Tonelli’s theorem then gives the stated bound. □

Let PD now denote coordinatewise truncation: (PDz)k = zk when ‖k‖∞ ≤ D, and zero
otherwise. The residual of a finite signed measure σ on Zm

≥0 for which mk(|σ|) < ∞ whenever
‖k‖∞ ≤ D is defined as in (50),

rD(σ) := (id⊗m−Q⊗m
D )σ = σ − (G−1)⊗mPDm(σ),

with QD the one-dimensional truncated reconstruction (49); the second equality holds because
both the moment transform and the truncation act coordinatewise. Here PDm(σ) denotes only
the displayed finite array of retained moments; the full moment sequence need not exist.

Lemma 4.9. Let σ be a finite signed measure, and assume that m(D+1)1S
(|σ|) is finite for every

nonempty S ⊆ [m]. Then

‖rD(σ)‖1 ≤
∑

∅̸=S⊆[m]

[
C(D + 1)2D(D+1)/2

]|S|
m(D+1)1S

(|σ|). (57)
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Proof. Recall the one-dimensional operator QD of (49) and set RD := id−QD, so that QD+RD =
id in one coordinate. The proof of Lemma 4.2 exhibits KD as the kernel of RD and gives the
row-sum estimate ∑

a

|RD(x, a)| ≤ C(D + 1)2D(D+1)/2

[
x

D + 1

]
2

.

By the definition of the tensor residual above, rD(σ) = (id⊗m−Q⊗m
D )σ. Expanding QD = id−RD

gives
id⊗m−Q⊗m

D =
∑

∅̸=S⊆[m]

(−1)|S|+1R⊗S
D ⊗ id⊗Sc

.

Apply the one-dimensional row-sum estimate in the coordinates belonging to S, then sum against
|σ|. Tonelli’s theorem gives precisely the term indexed by S in (57). □

If m(|σ|) ∈ ℓ∞θ (Zm
≥0) and K := ‖m(|σ|)‖∞,θ, the definition of the weighted norm gives

m(D+1)1S
(|σ|) ≤ Kθ

|S|
D+1 (∅ 6= S ⊆ [m]).

Consequently, the term in (57) indexed by a set of size k is at most Ck(D + 1)k2−k(D+1)K, since
2D(D+1)/2θD+1 = 2−(D+1).

Theorem 4.10. Let σ be a finite signed measure, and suppose that all residual absolute moments
in (57) are finite. Then

‖σ‖1 ≤ Cm
inv‖PDm(σ)‖∞,θ +

∑
∅̸=S⊆[m]

[
C(D + 1)2D(D+1)/2

]|S|
m(D+1)1S

(|σ|). (58)

For m = 2,

‖σ‖1 ≤ C2
inv‖PDm(σ)‖∞,θ + C(D + 1)2D(D+1)/2

(
m(D+1,0)(|σ|) +m(0,D+1)(|σ|)

)
+
[
C(D + 1)2D(D+1)/2

]2
m(D+1,D+1)(|σ|).

(59)

Proof. By definition, σ = (G−1)⊗mPDm(σ) + rD(σ). Corollary 4.8 bounds the first term, and
Lemma 4.9 bounds the second. For m = 1 this is Theorem 4.3. □

Combining the tensor-product inverse bound with the multivariable residual estimate gives the
following convergence criterion for every fixed m.

Corollary 4.11. Let σn be finite signed measures on Zm
≥0. Suppose that there are constants

C <∞, C1 > 1, qerr ∈ (0, 1) and β0 > 0 such that
(i) for every n and every multi-index k with ‖k‖∞ ≤ β0n,

|mk(σn)| ≤ CC
∥k∥∞
1 θkq

n
err;

(ii) the absolute moment sequences are uniformly bounded in the θ-weighted norm:

K := sup
n

‖m(|σn|)‖∞,θ <∞.

Then there are C ′ <∞ and η ∈ (0, 1) such that ‖σn‖1 ≤ C ′ηn. More precisely,

‖σn‖1 ≤ CCm
invC

D
1 q

n
err + C ′′(D + 1)m2−(D+1)K.

Choosing D = bβnc with 0 < β < β0 sufficiently small gives η = max{2−β/2, Cβ
1 qerr} < 1. At

k = 0, part (i) also controls the difference of the total masses, so no separate normalization is
required.
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Proof. Apply Theorem 4.10. Part (i) bounds the truncated term, while part (ii) and the weighted-
norm estimate preceding Theorem 4.10 bound the residual. The terms with |S| ≥ 2 are dominated
by those with |S| = 1. The stated choice of D balances the two bounds; its polynomial factor is
absorbed by decreasing β. For m = 1 this is Corollary 4.4. □

In particular, convergence of the joint distribution to µ1⊗µ2 gives asymptotic independence at
the same rate. Indeed, if ‖Law(Xn, Yn)−µ1⊗µ2‖1 ≤ Cηn, then marginalization and the triangle
inequality give

‖Law(Xn, Yn)− Law(Xn)⊗ Law(Yn)‖1 ≤ 3Cηn.

4.2.2. Truncated inversion on a good event. For m = 2, the criterion below has two cases. Both
restrict the probability measure to a good event, compare its conditional mixed moments with
a target array, and apply (59). The cases differ in the control of the three residual moments in
that inequality and in the resulting truncation depth. In the applications below, the target array
is a product mu,v = m

(1)
u m

(2)
v of two one-matrix target moment sequences from Lemma 4.5; the

corresponding one-dimensional inverses were computed in the proof of Theorem 4.6 and are πsym
for a zero symmetry defect and πCL for a defect of high rank.

The required conditional mixed-moment estimate is converted to total variation by the following
criterion.

Theorem 4.12. For each n, let (Xn, Yn) be a pair of nonnegative integer-valued random variables
whose joint distribution is ρn, together with an auxiliary random element βn on the same probability
space. Let µ be a probability measure on Z2

≥0 with Gaussian-binomial moments mu,v. Suppose
that one of the following two sets of hypotheses holds.

(I) Exponential loss inD. The target array (mu,v) belongs to ℓ∞θ (Z2
≥0). Set Mθ := ‖(mu,v)‖∞,θ.

There are constants C < ∞, C0 > 1, qerr ∈ (0, 1), δ > 0 and β0 > 0 such that, for every
integer 0 ≤ D ≤ β0n, there are an βn-measurable event En,D and a nonnegative βn-
measurable error weight Errn,D with the following properties:
(a) for almost every realization β ∈ En,D and all u, v ≥ 0,

E
[[
Xn

u

]
2

| β
]
≤ Cθu, E

[[
Yn
v

]
2

| β
]
≤ Cθv;

(b) for 0 ≤ u, v ≤ D + 1 and every β ∈ En,D,∣∣∣∣E [[Xn

u

]
2

[
Yn
v

]
2

| β
]
−mu,v

∣∣∣∣ ≤ CD
0 mu,vErrn,D(β),

and E[Errn,D1En,D
] ≤ qnerr;

(c) P(Ec
n,D) ≤ e−δn.

(II) Exponential loss in D2. The target moments factor as mu,v = m
(1)
u m

(2)
v , where m

(1)
0 =

m
(2)
0 = 1 and, for some M <∞,

m(i)
u ≤M2−u2

(i = 1, 2; u ≥ 0).

There are constants closs, β0, Cerr, δ > 0 and qerr ∈ (0, 1) such that, for every integer
0 ≤ D ≤ β0

√
n, there are an βn-measurable event En,D and a nonnegative βn-measurable

error weight Errn,D satisfying
(a) for 0 ≤ u, v ≤ D + 1 and almost every realization β ∈ En,D,∣∣∣∣E [[Xn

u

]
2

[
Yn
v

]
2

| β
]
−mu,v

∣∣∣∣ ≤ 2closs(D+1)2θuθvErrn,D(β);

(b) E[Errn,D1En,D
] ≤ Cerrq

n
err;
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(c) P(Ec
n,D) ≤ e−δn.

Then there are C ′ <∞ and η ∈ (0, 1) such that
‖ρn − µ‖1 ≤ C ′ηn.

In case (I), if mu,v = m
(1)
u m

(2)
v and the inverse one-dimensional moment sequences are probability

measures µ1, µ2, then µ = µ1 ⊗ µ2. The same conclusion, and hence asymptotic independence,
holds automatically in case (II).
Proof. Both cases restrict ρn to the good event, compare the conditional mixed moments of the
restriction with the target moments, and apply the two-dimensional truncated inversion (59) of
Theorem 4.10. We carry out these steps once and then specialize the residual estimates and the
truncation depth.

Let D ≥ 0 be an integer in the range allowed by the case at hand; it is chosen at the end of
that case. Write E = En,D, p = P(E), and let ρEn be the restriction of ρn to E . For the signed
measure

σn := ρEn − pµ

we have
‖ρn − µ‖1 ≤ ‖σn‖1 + 2P(Ec). (60)

Because E is βn-measurable, the moments of σn are the integrals over E of the conditional mixed-
moment errors. In case (I), the bound Mθ < ∞ turns the relative bound (I.b) into the absolute
bound ∣∣∣∣E [[Xn

u

]
2

[
Yn
v

]
2

| β
]
−mu,v

∣∣∣∣ ≤ LD θuθvErrn,D(β), LD := CD
0 Mθ,

valid for 0 ≤ u, v ≤ D + 1 and β ∈ E ; in case (II), hypothesis (II.a) is the same inequality with
LD := 2closs(D+1)2 . Integrating over E and using E[Errn,D1E ] ≤ Cerrq

n
err, with Cerr = 1 in case (I),

gives
|mu,v(σn)| ≤ CerrLD θuθvq

n
err (0 ≤ u, v ≤ D + 1), (61)

so that the truncated term of (59) is at most C2
invCerrLDq

n
err. The three residual absolute moments

in (59) are estimated from |σn| ≤ ρEn+pµ, and their prefactors are handled using 2D(D+1)/2θD+1 =

2−(D+1). Only these residual moments and the choice of D depend on the case.
Case (I). Choose β ∈ (0, β0) so small that Cβ

0 qerr < 1, and put D = bβnc. The one-coordinate
absolute moments satisfy, by (I.a),

mD+1,0(|σn|) ≤ (C +Mθ)θD+1,

m0,D+1(|σn|) ≤ (C +Mθ)θD+1,

while condition (I.b) at (D + 1, D + 1) gives
mD+1,D+1(|σn|) ≤

(
2 + CD

0 q
n
err

)
Mθθ

2
D+1.

Inserting these bounds and (61) into (59) yields
‖σn‖1 � CD

0 q
n
err + (D + 1)2−(D+1) + (D + 1)22−2(D+1)

(
1 + CD

0 q
n
err

)
.

For D = bβnc, the right-hand side is at most C ′ηn for some η ∈ (0, 1). Combining this estimate
with (60) and (I.c) proves case (I). If the target moments factor as in the final assertion of the
theorem, the tensor-product identity for the inverse transform gives µ = µ1 ⊗ µ2.

Case (II). Unlike case (I), this case has no conditional marginal bound and allows a loss of
2O(D2) in the mixed moments. The faster decay 2−u2 of the target moments compensates for this
loss at the shorter truncation depth D �

√
n. Choose β ∈ (0, β0) so small that 22clossβ

2
qerr < 1

and put D = bβ
√
nc. Here (61) reads

|mu,v(σn)| ≤ Cerr2
closs(D+1)2θuθvq

n
err. (62)



ASYMPTOTIC INDEPENDENCE OF CLASS-GROUP 4-RANKS 33

Applying part (II.a) at (D+1, 0), (0, D+1) and (D+1, D+1), and using m(i)
u ≤M2−u2 for the

target moments, we obtain

mD+1,0(|σn|) +m0,D+1(|σn|) � 2−(D+1)2 + 2closs(D+1)2θD+1q
n
err,

mD+1,D+1(|σn|) � 2−2(D+1)2 + 2closs(D+1)2θ2D+1q
n
err.

After multiplication by the residual prefactors in (59), the terms containing qnerr in these two
lines are bounded by the truncated signed-moment term and are absorbed into it. Inserting the
remaining terms and (62) into (59) gives

‖σn‖1 � 2closs(D+1)2qnerr + (D + 1)2−D2/2+O(D) + (D + 1)22−D2+O(D).

For D = bβ
√
nc, the sum of the three terms is at most C ′ηn for some η ∈ (0, 1). Part (II.c)

and (60) prove convergence in ℓ1. Let µ1, µ2 be the marginals of µ. Their moment sequences are
m

(1)
u and m

(2)
v , respectively, whereas µ1 ⊗ µ2 has mixed moments m(1)

u m
(2)
v = mu,v. These arrays

belong to ℓ∞θ (Z2
≥0), and bounded tensor-product inversion is injective on this weighted domain.

Hence µ = µ1 ⊗ µ2, proving asymptotic independence. □

The good events in both cases may depend on the truncation depth, as the support and cross-
rank thresholds grow linearly with D. Only the moments of the good submeasure enter the
residual; no high-moment bound is required on the exponentially small bad event.

Case (II) of Theorem 4.12 is applied to the bordered matrix pair on the probability space
MatDatar(u−1) of Section 2.1.3, whose good event is constructed in Section 4.3 and whose con-
ditional mixed moments are computed with a 2O(D2) loss in Section 4.4; case (I) suffices for the
symmetric unbordered diagonal perturbations of Section 4.5. In both cases the target array is the
product of the two one-matrix target moment sequences, so the limit produced is the correspond-
ing product of one-matrix limiting distributions.

4.3. The bordered-pair theorem and the good event. The estimate required in (46) is
uniform in the 2-adic stratum and the sign vector.

Theorem 4.13. Let d0 > 1 be squarefree and α ∈ (0, 12). There exist Crmt = Crmt(d0, α) < ∞
and η = η(d0, α) ∈ (0, 1) such that, for every r ≥ 2 and every sign vector u−1 ∈ Fr

2 satisfying
|u−1| ≥ αr, on the probability space MatDatar(u−1) of Section 2.1.3, the corank pair satisfies∥∥Law(Z1, Z2)− πCL ⊗ πCL

∥∥
1
≤ Crmt η

r.

In particular, the limit is independent of the stratum and of the sign vector in the indicated range.

The proof applies case (II) of Theorem 4.12 with the border data as the auxiliary random ele-
ment. The present subsection fixes that conditioning and constructs the good event En,D together
with its probability bound (II.c). The remaining input, hypothesis (II.a), is the conditional mixed-
moment estimate of Proposition 4.15; the deduction of Theorem 4.13 is therefore completed in
Section 4.4, after that proposition has been proved.

Fix d0, r ≥ 2 and a sign vector u−1 with |u−1| ≥ αr, and take all random variables on
MatDatar(u−1) with the uniform measure of Section 2.1.3. We write

n := r − 1, Ω := u◦
−1(u

◦
−1)

⊤ + diag(u◦
−1), Γ := diag(ud0) + Ω, h := | suppud0 |.

We call β := (u2,u∆1 , . . . ,u∆s , c) the border data; it determines ud0 , the two border blocks and
the corner block, and the core block A ∼ Unif(Symn(Ω)) is independent of it. The matrices U, L
have size n× b2, and

N2 =

(
A+ diag(ud0) U

L⊤ C

)
,
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while N1 is the matrix of Theorem 2.4, of border width b1 ≤ 1. Since d0 > 1, one has b2 ≥ 1, and
consequently b1 ≤ b2.

The character vector ud0 is uniform on Fn
2 , independently of the sign vector. Write d0 =

2eq1 · · · qs, as in Section 2.1.2, and use

[ qkp ] = [
q∗k
p ] + [−1

qk
][−1

p ].

For each i ≤ n, the definition of ud0 gives

ud0,i = e u2,i +
∑
k≤s

(
u∆k,i + [−1

qk
]u−1,i

)
.

This is a nonconstant affine function of (u2,i, u∆1,i, . . . , u∆s,i), because d0 > 1 forces e = 1 or
s ≥ 1. These coordinate tuples are independent and uniform as i varies, so the coordinates ud0,i
are independent and uniform.

Lemma 4.14. Let α ∈ (0, 12) and |u−1| ≥ αr. For H ≤ n/4, define

Egood(H) := {h ≥ H} ∩ {rankΓ ≥ H} ∩ {rank[ L⊤1 C1 ] = b1} ∩ {rank[ L⊤ C ] = b2}
∩ {kerU = 0} ∩ {b1 = 0 or u2 6= 0}.

(63)

There is δ = δ(α, d0) > 0 such that, uniformly for H ≤ n/4,

P
(
Egood(H)c

)
≤ e−δn

for all sufficiently large n.

Proof. By the preceding calculation, h = | suppud0 | is binomial with parameters (n, 12), so Hoeffd-
ing’s inequality gives P(h < n/4) ≤ e−n/8. Also

Γ = diag(ud0 + u◦
−1) + u◦

−1(u
◦
−1)

⊤,

and therefore
rankΓ ≥ #{i ≤ n : ud0,i 6= u−1,i} − 1.

The count on the right is again binomial with parameters (n, 12), uniformly in the fixed sign vector.
Hence, for every H ≤ n/4,

P(rankΓ < H) ≤ P
(
Bin(n, 12) < H + 1

)
≤ e−cn.

Together with the estimate for h, this controls the first two conditions, after changing the constants
for finitely many n.

For the border rows of N2, the vectors u∆1 , . . . ,u∆s are independent and uniform in Fn
2 . The

possible row indexed by 0 has Fn
2 -part u∆0 ∈ {u◦

−1,u2,u
◦
−1+u2}. In the last two cases it contains

the independent uniform vector u2; in the first it is the fixed nonzero vector u◦
−1. Thus every

nontrivial linear combination of the b2 rows has a uniform, or fixed nonzero, Fn
2 -part. A union

bound gives
P
(
rank[ L⊤ C ] < b2

)
≤ 2b2−n.

If b1 = 1, the Fn
2 -part of the border row of N1 is (u◦

−1)
⊤, which is nonzero for all sufficiently large

r because |u−1| ≥ αr. Thus rank[ L⊤1 C1 ] = b1; the assertion is vacuous when b1 = 0.
The columns of U are uqk . For k ≥ 1, uqk = u∆k

+ [−1
qk
]u◦

−1, and, when present, uq0 = u2.
Every nontrivial linear combination of these columns is uniform in Fn

2 , up to a fixed translation.
Hence

P(kerU 6= 0) ≤ 2b2−n.

When b1 = 1, also P(u2 = 0) = 2−n. Adding the estimates proves the lemma. □
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The bounds for h and rankΓ supply the codimensions of the overlap and cross-radical bad
subspaces in Lemma 4.18; the two full-row-rank conditions give dimH1 = dimH2 = n in Proposi-
tion 4.16; and kerU = 0, together with u2 6= 0 when b1 = 1, makes the two coordinate projections
injective on every tuple span of nonzero weight.

There are two distinct exceptional sets. The event Egood(H) constrains the border data alone;
its complement has probability at most e−δn and is discarded once, in the peeling step (60).
After a realization β ∈ Egood(H) has been fixed, exceptional kernel tuples still occur inside the
conditional expectation over the core A. Section 4.4 controls them by the codimensions and ranks
guaranteed by (63), rather than by another probability estimate for the border data.

4.4. Conditional mixed moments of bordered pairs. Proposition 4.15 is the conditional
mixed-moment estimate required by hypothesis (II.a) of Theorem 4.12: for border data in the
good event, the conditional Gaussian-binomial mixed moments of the corank pair agree with the
product mu(Ω)mv(Ω) of two one-matrix target moments, up to a factor 2O(D2) times the averaged
error variable that supplies (II.b).
Proposition 4.15. Let d0 > 1 be squarefree and α ∈ (0, 12). There is a constant cmix > 0,
depending only on d0 and α, with the following property. Fix an integer r ≥ 2 and a sign vector
u−1 with |u−1| ≥ αr. Put

b = b1 + b2, HD = 4D + 6b2 + b+ 12.

For every D ≥ 0 such that
rankΩ ≥ 4D + 8b2 + 10, (64)

all 0 ≤ u, v ≤ D + 1, and every realization β of the border data in Egood(HD), the conditional
expectation under MatDatar(u−1) satisfies∣∣∣EA

[[Z1

u

]
2

[
Z2

v

]
2

∣∣ β]−mu(Ω)mv(Ω)
∣∣∣

≤ 2cmix(D+b2+b+1)2θuθv

(
2−h + 2− rankΓ + 2−n + 2− rankΩ

)
.

(65)

The conditional moment calculation separates into two steps. First the bordered kernel equa-
tions are converted exactly into a weighted sum over two families of tuples. That sum is then
estimated by separating pairs with disjoint projected spans from the exceptional pairs. We intro-
duce the common terminology before carrying out the first step.

Let V1, V2 be n-dimensional F2-spaces, let ψi : Vi → Fn
2 be linear maps and Ωi an alternating

form on Vi, for i = 1, 2, and let B12 : V1 × V2 → F2 be bilinear. For ordered linearly independent
tuples w• = (w1, . . . ,wu) and w′

• = (w′
1, . . . ,w

′
v), put

X := ψ1(spanw•), Y := ψ2(spanw
′
•), k := dim(X + Y).

Given a predicate Ru,v(w•,w
′
•), call the tuple pair compatible if

(i) ψ1, ψ2 are injective on spanw•, spanw
′
•, respectively;

(ii) the two spans are totally isotropic for Ω1 and Ω2, respectively;
(iii) B12(wi,w

′
j) = 0 for every i, j;

(iv) Ru,v(w•,w
′
•) holds.

The associated compatible-pair sum is

Wu,v :=
1

|GLu ||GLv |
∑

(w•,w′
•) compatible

2
−
(
nk−(k

2
)
)
. (66)

Thus compatibility records exactly the algebraic conditions on a tuple pair; once they hold, the
weight depends only on the dimension k of the joint projected span.

For S ⊆ {1, . . . , n}, let πS : Fn
2 → FS

2 be the coordinate projection and put VSc := kerπS .
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Proposition 4.16. Let H ≥ 0 and β ∈ Egood(H), and use U1, L1,C1 from the assembly map (27).
Thus

N1 =

(
A U1

L⊤1 C1

)
, N2 =

(
A+ diag(ud0) U

L⊤ C

)
.

Put
H1 := ker[ L⊤1 C1 ] ⊆ Fn+b1

2 , H2 := ker[ L⊤ C ] ⊆ Fn+b2
2 ,

so both spaces have dimension n, and let ψ1, ψ2 drop the last b1, respectively b2, coordinates. Define
the restricted alternating and cross forms directly by

Ω1 :=

(
Ω U1

U⊤
1 0b1

)∣∣∣∣
H1

, Ω2 :=

(
Ω U
U⊤ 0b2

)∣∣∣∣
H2

, B12 :=

(
Γ U
U⊤
1 0b1×b2

)∣∣∣∣
H1×H2

.

Finally, with S = suppud0, put
Σ := πS{U1a+ Ub : a ∈ Fb1

2 , b ∈ Fb2
2 }, dimΣ ≤ b := b1 + b2.

Set WΣ := π−1
S (Σ). For tuple pairs wi = (xi,ai) ∈ H1 and w′

j = (yj ,bj) ∈ H2, let Ru,v be the
following target-consistency condition: whenever

z =
∑
i

ξixi =
∑
j

ζjyj ,

one has
U1

∑
i

ξiai = diag(ud0)z+ U
∑
j

ζjbj . (67)

In the compatible-pair sum (66), take Vi = Hi and use the maps, alternating forms, and predicate
just defined. Then, for all u, v ≥ 0,

EA

[[Z1

u

]
2

[
Z2

v

]
2

∣∣ β] = Wu,v,

and the predicate has the two properties
Ru,v =⇒ X ∩ Y ⊆WΣ,

X ∩ Y = {0} and ψ1, ψ2 injective on the two tuple spans =⇒ Ru,v.

Finally,
dimkerψ1, dimkerψ2 ≤ b2, codimH1 ψ

−1
1 (WΣ) ≥ h− b2 − b,

| rankΩ1 − rankΩ|, | rankΩ2 − rankΩ| ≤ 4b2,

and
rankB12 ≥ rankΓ− 2(b1 + b2).

Proof. Kernel tuples. The kernel conditions are
N1(x,a)

⊤ = 0 ⇐⇒ Ax = U1a, (x,a) ∈ H1,

N2(y,b)
⊤ = 0 ⇐⇒ Ay = diag(ud0)y + Ub, (y,b) ∈ H2.

The two full-row-rank conditions in the good event give dimH1 = dimH2 = n.
Expand each Gaussian binomial coefficient by ordered bases:[

Z1

u

]
2

[
Z2

v

]
2

=
1

|GLu ||GLv |
∑

w• independent in kerN1

w′
• independent in kerN2

1.

For a first-family tuple occurring in this sum, a relation
∑

i ξixi = 0 gives U1
∑

i ξiai = 0. The
map U1 is injective on the good event. This is vacuous when b1 = 0 and follows from u2 6= 0
when b1 = 1. Thus the corresponding relation among the full vectors is zero. Likewise, a relation
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among the projected second-family vectors gives U
∑

j ζjbj = 0, and kerU = 0 on the good event.
Therefore ψ1 and ψ2 are injective on every span contributing nonzero weight.

Compatibility with the common core. For fixed kernel tuples, the equations imposed on A have
source vectors xi,yj . The two families have target vectors

U1ai, diag(ud0)yj + Ubj ,

respectively. If the combined projected family is dependent, these targets define a linear map on
X +Y precisely when (67) holds. Thus condition (iv) in the definition of compatibility is exactly
the consistency of the target assignment, rather than an additional estimate.

Once the target assignment is well defined, the compatibility equations in Lemma 2.9 have
three types. Two first-family vectors give w⊤

i Ω1wj = 0, and two second-family vectors give
(w′

i)
⊤Ω2w

′
j = 0. A first-family vector against a second-family vector gives

x⊤
i Γyj + x⊤

i Ubj + a⊤i U
⊤
1 yj = 0,

which is the cross condition for B12. Restriction to H1 and H2 gives compatibility conditions (ii)
and (iii) for Ω1,Ω2, and B12.

Apply Lemma 2.9 to a basis of the joint projected span. If any consistency or compatibility
condition fails, the probability is zero; otherwise it is 2−(nk−(k

2
)), where k is the dimension of the

joint projected span; the preceding ordered-basis expansion now gives (66).
Overlap and rank bounds. When the two projections are injective on the corresponding tuple

spans, the predicate Ru,v is automatic if the two projected spans have zero intersection: the only
common projected relation is then the zero relation on both sides. If Ru,v holds and z ∈ X ∩ Y ,
then (67) gives

diag(ud0)z = U1a0 + Ub0.

On S = suppud0 the left side restricts to πS(z), and hence πS(z) ∈ Σ. This proves the two
asserted properties of Ru,v.

The projection kernels have dimensions at most b1 and b2. Restricting the coordinate projection
to H1 can lose at most b1 ranks, and restricting it to H2 can lose at most b2 ranks. Passing from
VSc to WΣ loses at most dimΣ ≤ b further ranks. Thus

codimH1 ψ
−1
1 (WΣ) ≥ h− b1 − b ≥ h− b2 − b.

Bordering an alternating form by width at most b2 changes its rank by at most 2b2, and restricting
it to a subspace of codimension at most b2 changes the rank by at most another 2b2. Hence

| rankΩ1 − rankΩ| ≤ 4b2, | rankΩ2 − rankΩ| ≤ 4b2.

Finally, adjoining rows and columns cannot lower the rank of the top-left block Γ, while restriction
to H1×H2 lowers rank by at most b1+ b2 on each side. This gives the stated conservative bound
rankB12 ≥ rankΓ− 2(b1 + b2). □

In the bordered setting, the two projected kernel spaces can overlap. The first property of Ru,v

in Proposition 4.16 shows that a compatible pair with X ∩ Y 6= 0 must have X ∩WΣ 6= 0, where
WΣ = π−1

S (Σ) has large codimension. The following relative count quantifies the resulting loss. It
is the input that controls overlapping compatible pairs in Lemma 4.18.

Lemma 4.17. Let B be an alternating form on Fn
2 , with radical rad(B), and let K ⊆ Fn

2 have
codimension γ. Call an ordered linearly independent u-tuple x• radical-free isotropic if its span X
is totally isotropic for B and X ∩ rad(B) = 0. Let N be the number of such tuples and N≥g the
number among them with dim(X ∩K) ≥ g. If rankB ≥ 2u+2 and n ≥ 2u+2, then for 0 ≤ g ≤ u

N≥g ≤ C u 2 g(u−g)+(g
2
)−gγ N , (68)

with C absolute.
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Proof. Put R := rad(B). Say a tuple is K-adapted if x1, . . . ,xg ∈ K, and let Ag be the number
of radical-free isotropic K-adapted tuples.

Adapted bases. Fix an radical-free isotropic X with m := dim(X ∩K) ≥ g. Among the |GLu | =∏
i<u(2

u−2i) ordered bases of X , those that are K-adapted number
∏

i<g(2
m−2i) ·

∏u−1
i=g (2

u−2i),
so the K-adapted ones make up a fraction

∏
i<g

2m−2i

2u−2i
≥ η∞(2) 2−g(u−m) ≥ η∞(2) 2−g(u−g) of

them, using m ≥ g. Summing over the radical-free isotropic X with dim(X ∩ K) ≥ g gives
Ag ≥ η∞(2)2−g(u−g)N≥g.

Counting adapted tuples. Build a tuple one vector at a time. Having chosen x1, . . . ,xi spanning
an isotropic Ui with Ui∩R = 0, isotropy confines xi+1 to U⊥B

i , whose dimension is n−dimB(Ui) =
n− i exactly, because Ui∩R = 0 makes B injective on Ui. Hence an unconstrained position offers
at most 2n−i choices, while a position required to lie in K offers at most |K| = 2n−γ . Therefore

Ag ≤
∏
i<g

2n−γ ·
u−1∏
i=g

2n−i = 2nu−(u
2
) · 2(

g
2
)−gγ ,

since
∑

i<g(n − γ) +
∑u−1

i=g (n − i) = nu −
(
u
2

)
+
(
g
2

)
− gγ. Conversely, a lower bound for N : at

step i one must avoid Ui itself (2i vectors) and avoid creating an intersection with the radical,
i.e. avoid the set Ui + R of at most 2 i+n−rankB vectors, so the number of choices is at least
2n−i − 2i − 2 i+n−rankB ≥ 1

2 2
n−i whenever i ≤ u − 1, n ≥ 2u + 2 and rankB ≥ 2u + 2. Hence

N ≥ 2−u2nu−(u
2
), which gives the required lower bound for N .

Combining the two steps gives (68). □

The comparison is made against the isotropic count N itself. Both N and N≥g contain only
tuples whose spans avoid rad(B). Tuples meeting the radical are not covered by (68); they are
estimated by a separate error term in Lemma 4.18.

Lemma 4.18. Let Wu,v be the compatible-pair sum (66), formed from n-dimensional spaces V1, V2,
maps ψ1, ψ2, alternating forms Ω1,Ω2, a bilinear form B12, and predicates Ru,v. Fix a subset
S ⊆ {1, . . . , n} with h := |S|, a subspace Σ ⊆ FS

2 with dimΣ ≤ b, and a nonzero matrix Ω ∈ Altn.
Put

WΣ := π−1
S (Σ), codimWΣ ≥ h− b.

Assume, for some fixed T ≥ 0,
(P1)

dimkerψ1, dimkerψ2 ≤ T, codimV1 ψ
−1
1 (WΣ) ≥ h− T − b,

(P2)
| rankΩ1 − rankΩ| ≤ 4T, | rankΩ2 − rankΩ| ≤ 4T.

Suppose that the predicates have the two properties
(R1) Ru,v implies X ∩ Y ⊆WΣ;
(R2) Ru,v holds whenever X∩Y = {0} and ψ1, ψ2 are injective on spanw•, spanw

′
•, respectively.

There is an absolute constant c∗ > 0 such that, for 0 ≤ u, v ≤ D + 1, if

h ≥ 4D + 2T + b+ 10, rankB12 ≥ 4D + 2T + 10, rankΩ ≥ 4D + 8T + 10,

then
|Wu,v −mu(Ω)mv(Ω)| ≤ 2c∗(D+T+b+1)2θuθv

×
(
2−h + 2− rankB12 + 2−n + 2− rankΩ

)
.

(69)
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Proof. Put the effective depth and combined error
D∗ := D + T + b+ 1, ε∗ := 2−h + 2− rankB12 + 2−n + 2− rankΩ.

Throughout the proof, C denotes an absolute constant that may change from line to line. Since
Ω 6= 0, the target moments satisfy

mj(Ω) =
1

|GLj |
≤ Cθj .

Also put
KΣ := ψ−1

1 (WΣ), K12 := {x ∈ V1 : B12(x,y) = 0 for every y ∈ V2},

so that
codimKΣ ≥ h− T − b, codimK12 = rankB12.

For a compatible pair, property (R1) implies
dim(X ∩ Y) ≤ dim(spanw• ∩KΣ). (70)

There are four sources of loss. The subspaces KΣ and K12 control, respectively, overlap of the
projected spans and rank loss in the cross equations. The projection kernels have codimension at
least n − T ; they measure tuples omitted when compatibility condition (i) is imposed. Finally,
the radicals of the alternating forms are controlled by

rankΩ1, rankΩ2 ≥ rankΩ− 4T.

The two subspace sources and the radical source contribute compatible pairs outside the main
term. The projection kernels instead enter only when the main term is compared with the full
one-matrix counts.

Subspace-deficit estimate. Let K ⊆ V1 have codimension γ. Consider compatible pairs for
which the first tuple span avoids rad(Ω1) but meets K nontrivially. Their contribution to Wu,v is

O
(
2CD2

∗−γmu(Ω)mv(Ω)
)
. (71)

To prove (71), put
t := dim(spanw• ∩K) ≥ 1, g := dim(spanw• ∩K12), s := dim(X ∩ Y).

There are three factors. First, Lemma 4.17 bounds the number of first tuples, relative to the
radical-free isotropic count, by

2−tγ+O(D2
∗).

The hypotheses of that lemma follow from rankΩ1 ≥ rankΩ− 4T ≥ 2u+ 2 and n ≥ h ≥ 2u+ 2;
Lemma 2.13 then compares the radical-free count with the baseline isotropic count within a factor
2O(D2

∗).
Second, let

L := {y ∈ V2 : B12(wi,y) = 0 for every i}.
The map spanw• → V ∨

2 induced by B12 has kernel spanw•∩K12, of dimension g; hence dimL =

n − u + g. Put G := L ∩ ψ−1
2 (X ), so that dimG ≤ u + T . Compatibility makes ψ2 injective on

the second tuple span, and therefore
dim(spanw′

• ∩G) = dim(X ∩ Y) = s.

Lemma 2.12, applied in L with fall-in parameter s, and with the second-family isotropy condition
discarded for an upper bound, gives

2 gv−s(n−2u+g−T−v)+O(D2
∗)
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relative to the isotropic second-tuple count in an (n − u)-dimensional space. Here gv records
the enlargement of L; the loss from counting unrestricted rather than isotropic tuples is 2O(v2),
uniformly in the other parameters, and is absorbed in 2O(D2

∗). Indeed,
rank(Ω2|L) ≥ rankΩ− 4T − 2u ≥ 2v + 2,

so Lemma 2.13 applies uniformly.
Third, the compatible-pair weight uses k = u+ v− s, rather than u+ v. The resulting ratio of

weights is exactly
2ns−s(u+v)+(s+1

2
).

Multiplying the three factors gives, apart from O(D2
∗),

−tγ+ gv− s(n− 2u+ g−T − v)+ns− s(u+ v)+

(
s+ 1

2

)
= −tγ+ gv+ s(u− g+T )+

(
s+ 1

2

)
.

This cancellation of every term linear in n is the point of the compatible-pair weight. Since
t ≥ 1 and g, s, u, v ≤ D+1, the remaining terms contribute O(D2

∗), leaving 2−γ+O(D2
∗). Restoring

the two baseline isotropic counts, the disjoint-span weight, and the |GLu ||GLv | normalization
multiplies this relative bound by mu(Ω)mv(Ω). Summing over t, g, s proves (71).

The disjoint-span main term. Start with the Ω1-isotropic first tuples. Lemma 2.13, together
with (P2), gives their target count and bounds the tuples whose spans meet rad(Ω1) by 2CD2

∗−rankΩ

on the relative scale. From the remaining radical-free tuples, discard those whose spans meet
KΣ, K12, kerψ1.

Lemma 4.17, summed over positive intersection dimensions, bounds the three discarded propor-
tions by

2CD2
∗−h, 2CD2

∗−rankB12 , 2CD2
∗−n,

respectively. Here codimkerψ1 ≥ n − T , and the losses T + b are absorbed in CD2
∗. Although

kerψ1 ⊆ KΣ, we record its stronger codimension separately because it contributes to the 2−n

term. Hence the number of remaining first tuples is

|GLu |mu(Ω)2
nu−(u

2
)
(
1 +O(2CD2

∗ε∗)
)
. (72)

For these tuples the cross map has rank exactly u, so the second tuples lie in a subspace L ⊆ V2
of dimension n− u. The restriction of Ω2 to L loses rank by at most 2u. More explicitly,

rank(Ω2|L) ≥ rankΩ− 4T − 2u ≥ 2v + 2,

where the last inequality follows from rankΩ ≥ 4D+8T +10 and u, v ≤ D+1. Thus Lemma 2.13
applies to its isotropic v-tuples.

Discard the second tuples whose spans meet rad(Ω2|L), kerψ2, or L ∩ ψ−1
2 (X ). The first

discarded proportion is 2CD2
∗−rankΩ by Lemma 2.13. The latter two subspaces have codimension

in L at least n − u − T and n − 2u − T , respectively, so Lemma 4.17 bounds both discarded
proportions by 2CD2

∗−n. Every remaining second tuple has injective projection and X ∩ Y = 0;
property (R2) now makes Ru,v automatic. The number of such tuples is

|GLv |mv(Ω)2
(n−u)v−(v

2
)
(
1 +O(2CD2

∗ε∗)
)
. (73)

The bounded rank losses guarantee that all restricted alternating forms are nonzero, so their
target moments equal 1/|GLj |.

Every tuple pair retained above has disjoint projected spans, and therefore k = u + v. The
exponent identity(

nu−
(
u

2

))
+

(
(n− u)v −

(
v

2

))
−
(
n(u+ v)−

(
u+ v

2

))
= 0



ASYMPTOTIC INDEPENDENCE OF CLASS-GROUP 4-RANKS 41

shows that (72) and (73), after division by |GLu ||GLv |, make the total contribution of these
disjoint-span pairs

mu(Ω)mv(Ω) +O
(
2CD2

∗θuθvε∗

)
. (74)

We used here mj(Ω)/θj = 2−(
j
2
)/ηj(2), so the relative radical error in Lemma 2.13 is still bounded

by the displayed quadratic factor on the θuθv scale.
Compatible pairs outside the main term. By (71), compatible pairs whose first span meets KΣ

or K12 contribute at most
O
(
2CD2

∗θuθv(2
−h + 2− rankB12)

)
.

Pairs whose first span meets rad(Ω1), or whose second span meets the radical of the relevant
restriction of Ω2, contribute

O
(
2CD2

∗−rankΩθuθv

)
by Lemma 2.13; the possible rank loss 2u+ 4T is absorbed in CD2

∗.
These loci exhaust the compatible pairs outside the disjoint-span contribution in (74). Indeed,

compatibility already imposes injectivity of both projections. If a compatible pair avoids the
radical loci and K12, then the cross-solution space used above is defined; if it also avoids KΣ,
equation (70) gives X ∩ Y = 0, so the pair belongs to the disjoint-span main term. Thus the
projection kernels create the 2−n error only through the tuples omitted from the product count;
they are not an additional class of compatible pairs.

Adding the compatible exceptional contribution to (74) proves (69) after enlarging the absolute
constant c∗. □

Proof of Proposition 4.15. Let β lie in the good event with the threshold HD of the proposition.
Proposition 4.16 identifies the conditional mixed moment with the compatible-pair sum (66). We
apply Lemma 4.18 with T = b2 and the cross form B12 of Proposition 4.16. Indeed,

rankB12 ≥ rankΓ− 2b ≥ 4D + 2b2 + 10,

because b ≤ b2 + 1 and b2 ≥ 1. The support hypothesis follows from h ≥ HD, while the assumed
lower bound for rankΩ supplies the nonzero-defect hypothesis. Hence (69) applies. Since b2 and
b are bounded in terms of d0, its quadratic prefactor is at most 2cmix(D+b2+b+1)2 after enlarging
cmix. Finally, 2− rankB12 ≤ 22b2− rankΓ, and the fixed factor is absorbed in the same prefactor.
This is (65). □

We can now verify the three hypotheses of case (II) of Theorem 4.12 for the bordered pair, in
the order in which that case uses them.

Proof of Theorem 4.13. Fix a sign vector with |u−1| ≥ αr, and put n = r − 1. By (36),
rankΩ ≥ |u◦

−1| − 1 ≥ αr − 2.

After enlarging the final constant, we may assume that r exceeds a constant depending only
on (α, d0). Then Ω 6= 0 and Lemma 4.5, together with the inversion computed in the proof of
Theorem 4.6, gives

mu(Ω) =
1

|GLu |
� 2−u2

, G−1(mu(Ω))u≥0 = πCL.

Thus the target array mu,v = mu(Ω)mv(Ω) factors and decays as required in case (II), and its
inverse is πCL ⊗ πCL.

Let bmax = ω(d0) + 1. Choose β0 > 0 sufficiently small and, for 0 ≤ D ≤ β0
√
n, put

En,D := Egood(HD), Errn,D := 2−h + 2− rankΓ + 2−n + 2− rankΩ,
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with HD as in Proposition 4.15. Both are measurable with respect to the border data β. For all
sufficiently large n, uniformly in b2 ≤ bmax,

HD ≤ αn/4, rankΩ ≥ 4D + 8b2 + 10.

Proposition 4.15 therefore supplies part (II.a) of Theorem 4.12, with a prefactor of the required
form 2closs(D+1)2 , for a constant depending only on d0 and α.

For part (II.b), since h ∼ Bin(n, 12),

E[2−h] =

(
3

4

)n

.

Moreover,
rankΓ ≥ #{i ≤ n : ud0,i 6= u−1,i} − 1,

where the count is binomial with parameters (n, 12); hence

E[2− rankΓ] ≤ 2

(
3

4

)n

.

Finally 2−n ≤ (3/4)n and 2− rankΩ ≤ 4 2−αn. Thus
E[Errn,D1En,D

] ≤ Cqnerr, qerr := max{3/4, 2−α} < 1,

uniformly for D ≤ β0
√
n. Part (II.c) is the bound P(Egood(HD)

c) ≤ e−δn of Lemma 4.14, which
applies because HD ≤ n/4. Case (II) of Theorem 4.12 now yields∥∥Law(Z1, Z2)− πCL ⊗ πCL

∥∥
1
≤ Cηn

for some η < 1. The constants are uniform in the finitely many strata, in b2 ≤ bmax, and in the
sign vector over |u−1| ≥ αr. Since n = r − 1, this proves Theorem 4.13. □

4.5. Unbordered zero- and high-rank-defect cases. The zero-defect case has the symmetric
rather than the Cohen–Lenstra–Gerth limiting distribution and admits a direct mixed-moment
calculation. A high-rank symmetry defect instead uses Lemma 4.18.

Lemma 4.19. Let A ∼ Unif(Symn(0)), fix v ∈ Fn
2 , put S = suppv and h = |S|, and set

X = corankA, Y = corank(A+ diag v).

There is an absolute C > 1 such that, for 0 ≤ u, v ≤ D + 1 and h ≥ 4D + 8,∣∣∣∣EA

[[
X

u

]
2

[
Y

v

]
2

| v
]
−mu(0)mv(0)

∣∣∣∣ ≤ CDθuθv

(
23D−h + 23D−n

)
. (75)

Proof. Expand the mixed moment over ordered independent kernel tuples and apply Lemma 2.9
to a basis of their joint span. If X and Y are the two spans, compatibility says

x⊤S yS = 0 (x ∈ X , y ∈ Y), X ∩ Y ⊆ VSc .

Put t = dim(X ∩ VSc) and s = dim(X ∩ Y), so 0 ≤ s ≤ t.
For fixed (s, t), Lemma 2.11 gives at most[

u

t

]
2

2nu−th

ordered first-family tuples. The cross equations cut the second ambient space by u− t dimensions,
leaving a space of dimension n−u+ t. The common span is contained in the t-dimensional space
X ∩ VSc ; choosing its s-dimensional position and applying Lemma 2.12 bounds the second-family
tuples by

CD 2s(t−s) 2(n−u)v 2tv 2−s(n−u−v).
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Finally, the joint span has dimension u+ v − s, and Lemma 2.9 assigns the probability

2−n(u+v−s)+(u+v−s
2

).

For s = t = 0, the exact products in the first two counts give, before division by |GLu ||GLv |,

2nu 2(n−u)v 2−n(u+v)+(u+v
2
) = 2(

u
2
)+(v

2
).

This is mu(0)mv(0) after normalization. The omitted factors in the exact independent-tuple
products contribute O(CD23D−h) +O(CD23D−n) relative to this main term.

For t ≥ 1, use
[
u
t

]
2
≤ η∞(2)−12t(u−t) and(

u+ v − s

2

)
−
(
u+ v

2

)
= −s(u+ v) +

(
s+ 1

2

)
.

After cancellation of every term involving n, the logarithm to base 2 of the contribution relative
to the case s = t = 0 is at most

−t(h− u− v)− t2 + s(t− s) +

(
s+ 1

2

)
≤ −t(h− u− v).

The last inequality uses s ≤ t, since s(t − s) +
(
s+1
2

)
≤
(
t+1
2

)
≤ t2. Summing over t ≥ 1 and

0 ≤ s ≤ t, and using u, v ≤ D+1 and h ≥ 4D+8, gives the first error in (75); the possible fall-ins
caused by the finite joint span give the second. This proves the lemma. □

For a nonzero defect produced by quadratic reciprocity, the required rank tails can be checked
directly. Combining those estimates with Lemma 4.18 gives the following unconditional conse-
quence.

Theorem 4.20. Let u−1 ∈ Fn
2 , put

Ω := u−1u
⊤
−1 + diag(u−1),

and take A ∼ Unif(Symn(Ω)) and v ∼ Unif(Fn
2 ) independently. Set

X := corankA, Y := corank
(
A+ diag(v)

)
.

Then the following estimates hold.
(1) If u−1 = 0, there are C0 <∞ and η0 ∈ (0, 1) such that∥∥Law(X,Y )− πsym ⊗ πsym

∥∥
1
≤ C0η

n
0 .

(2) For every α > 0, there are Cα <∞ and ηα ∈ (0, 1) such that, uniformly over u−1 satisfying
rankΩ ≥ αn, ∥∥Law(X,Y )− πCL ⊗ πCL

∥∥
1
≤ Cαη

n
α.

More generally, the same proof applies to a sequence Ωn ∈ Altn for which either Ωn = 0 for all
n, or rankΩn ≥ αn, provided that vn ∼ Unif(Fn

2 ) remains independent of the core and there are
c, δ > 0 such that

P
(
rank(diag(vn) + Ωn) < cn

)
≤ e−δn.

Proof. Condition on v, put S = suppv, h = |S|, and Γ = diag(v) + Ω.
Suppose first that u−1 = 0. For 0 ≤ D ≤ β0n, with β0 > 0 sufficiently small, take

En,D = {h ≥ 4D + 8}.
Lemma 4.19 supplies part (I.b) of Theorem 4.12, with Errn,D = 2−h + 2−n. The conditional
marginal bounds follow from Lemma 4.5, since diagonal translation preserves the symmetric fibre.
Now h ∼ Bin(n, 12), E[2−h] = (3/4)n, and Hoeffding’s inequality gives the bad-event bound.
Case (I) of Theorem 4.12 therefore gives∥∥Law(X,Y )− πsym ⊗ πsym

∥∥
1
≤ C0η

n
0



44 YUE XU AND XIUWU ZHU

for some C0 <∞ and η0 ∈ (0, 1).
Suppose next that rankΩ ≥ αn. In Lemma 4.18 take

V1 = V2 = Fn
2 , ψ1 = ψ2 = id, Σ = 0, T = b = 0,

with Ω1 = Ω2 = Ω and cross form
B12(x,y) := x⊤Γy,

and consistency predicate Ru,v : X ∩ Y ⊆ VSc . Indeed, subtracting the two kernel equations on a
common vector gives diag(v)z = 0, which is precisely this condition. Thus (R1) and (R2) of the
weighted-sum lemma hold. For 0 ≤ D ≤ β0

√
n, take

En,D = {h ≥ 4D + 10} ∩ {rankΓ ≥ 4D + 10},
where β0 is fixed and n is sufficiently large. The weighted-sum lemma supplies part (II.a) of
Theorem 4.12, with

Errn,D = 2−h + 2− rankΓ + 2−n + 2− rankΩ.

The variable h is Bin(n, 1/2). After a simultaneous coordinate permutation write u−1 = (1κ,0).
If h1 = | suppv1| and h0 = | suppv0|, then

rankΓ ≥ (κ− h1) + h0 − 1,

and the right side plus one has the distribution Bin(n, 1/2). Hoeffding’s inequality gives the
bad-event bound, and

E[2−h] =

(
3

4

)n

, E[2− rankΓ] ≤ 2

(
3

4

)n

.

Together with 2− rankΩ ≤ 2−αn, this verifies the remaining hypotheses of the quadratic-loss crite-
rion. The target moments are 1/|GLu |, so the limit is πCL ⊗ πCL.

For the final generalization, the assumed lower-tail bound gives
E
[
2− rank(diag(vn)+Ωn)

]
≤ e−δn + 2−cn.

Together with the binomial estimates for | suppvn| and, in the nonzero case, the assumed linear
lower bound for rankΩn, this supplies exactly the averaged error and bad-event bounds used
above. □
Remark 4.21 (A fixed identity shift). Let An be uniform in Symn(0). Taking v = 1 in Lemma 4.19
and applying Case (I) of Theorem 4.12 gives constants C <∞ and η ∈ (0, 1) such that∥∥Law(corankAn, corank(An + In)

)
− πsym ⊗ πsym

∥∥
1
≤ Cηn.

Thus the fixed shift In already makes the two coranks asymptotically independent.

Remark 4.22 (Extremal sign vectors, prescribed characters and borders). A condition p ≡ 1 mod 4
forces u−1 = 0, so Theorem 4.20 determines the unbordered core pair. More general character
restrictions can place the vectors (

[
2
p

]
,
[
∆1
p

]
, . . . ,

[
∆s
p

]
) in proper affine subspaces, in which case

ud0 need not be uniform and the diagonal perturbation may have bounded support.
Theorem 4.13 includes the all-ones sign vector u−1 = 1: its defect is Jn + In, of rank at least

n − 1, and the two bordered coranks are asymptotically independent with common marginal
distribution πCL. The symmetric case is different: its unbordered limit is πsym ⊗ πsym, but the
arithmetic matrices also contain the fixed borders of Theorem 2.4. When the symmetry defect of
the core is zero, the augmented alternating forms created by those borders have bounded rank,
so tuples meeting their radicals need not be negligible. Even in width one, the corner can change
one marginal away from πsym. For arbitrary fixed width the limiting mixed moments have not
been computed here. Thus the full squarefree family uses the range |u−1| ≥ αr of Theorem 3.8;
bordered sign vectors with |u−1|/r → 0, including u−1 = 0, require separate analysis.
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5. Proofs of the main results

5.1. Asymptotic independence of the two 4-ranks.

Proof of Theorem 1.1. Fix once and for all α = 1/4. By Theorem 3.8, with ρ = πCL ⊗ πCL, it
suffices to estimate the distribution of the bordered corank pair uniformly for

|r − log logX| < (log logX)2/3, |u−1| ≥ αr.

Theorem 4.13, uniformly in u−1 (and hence in the stratum it determines), gives constants Cd0 <∞
and ϑ ∈ (0, 1) such that∥∥LawMatDatar(u−1)(Z)− πCL ⊗ πCL

∥∥
1
≤ Cd0ϑ

r �d0 ϑ
(log logX)/2 (76)

for all sufficiently large X.
Substituting (76) into (46) gives∥∥µ(d0)X − πCL ⊗ πCL

∥∥
1
�d0 (log logX)−ctr + ϑ(log logX)/2.

Total variation is one half of the ℓ1 distance, so shrinking the exponent gives (5) for some c =
c(d0) > 0. □

5.2. The biquadratic application. Let K := Q(
√
d0,

√
−d), a biquadratic field containing the

three quadratic subfields

k0 = Q(
√
d0) (real), k1 = Q(

√
−d), k2 = Q(

√
−d0d).

The dependence of k1, k2 and K on d is suppressed throughout this subsection. For k0, and only
there, Clk0 denotes the ordinary class group; write hk0 for its order.

All density statements below are relative to the family (1). For quantities Ad and Bd on this
family, write

Ad
P
= Bd ⇐⇒ Pd∈Fd0

(X)(Ad = Bd) −→ 1 (X → ∞).

The superscript P has the same meaning over any other relation; in particular, Gd

P∼= Hd means
that the displayed isomorphism exists with probability tending to one. Pointwise identities retain
the ordinary equality sign. Since #Fd0(X) �d0 X, any exceptional set of squarefree parameters
of size o(X) remains negligible after restriction to this family. We use this observation for the
external density-one inputs below.

5.2.1. Class-group maps and class-number formulas. Let

j :

2∏
i=0

Clki −→ ClK , N : ClK −→
2∏

i=0

Clki

be extension of ideals and the product of the three norm maps, respectively. Extension and norm
of ideals give N ◦ j = 2 id and j ◦N = 2 id. Kuroda’s class number formula gives

hK =
1

2
qKhk0hk1hk2 , (77)

where
qK = [O×

K : O×
k0
O×

k1
O×

k2
]

is the Hasse unit index. This is the k = Q, imaginary case printed immediately after [25, equa-
tion (1.5)]. We also use the ambiguous class number formula for a cyclic extension L/k with
Galois group G:

|ClGL | =
|Clk |

∏
v≤∞ ev

[L : k] [O×
k : O×

k ∩NL/k(L×)]
. (78)
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Lemma 5.1. Let M/k be a fixed abelian extension and let m ≥ 1. For a density-one set of
squarefree integers d, every element of Gal(M/k) occurs as ArtM/k(p) for at least m distinct
primes p | d of k.

This is [16, Corollary 2.3].

5.2.2. The Hasse unit index. The field K is totally imaginary with unique real quadratic subfield
k0. Write EF := O×

F , let ε0 be the fundamental unit of k0, and let µK be the group of roots of
unity of K.

The totally imaginary signature makes the unit index particularly simple. First discard the
finitely many d for which µK 6= {±1}. Indeed, extra roots of unity force K to contain Q(i) or
Q(

√
−3); since the only imaginary quadratic subfields of K are k1 and k2, this determines d up

to finitely many possibilities. This omission does not affect any density-one statement. For the
remaining d, the unit group EK has Z-rank one and

Ek1 = Ek2 = µK = {±1}, Ek0Ek1Ek2 = 〈µK , ε0〉.
For every ε ∈ EK ,

2∏
i=0

NK/ki(ε) = NK/Q(ε)ε
2,

and therefore E2
K ⊆ Ek0Ek1Ek2 . Thus

EK = 〈µK , ε0〉 or EK = 〈µK ,
√
uε0〉 for some u ∈ µK ,

so qK ∈ {1, 2}, with qK = 2 precisely in the second case.
Theorem 5.2. Let d0 > 1 be squarefree. Then

qK
P
= 1.

Proof. Suppose qK = 2. Then, for some u ∈ µK , η :=
√
uε0 belongs to EK \ k0. Hence K =

k0
(√
uε0
)
, and since K = k0(

√
−d) we get −d ≡ uε0 modulo (k×0 )

2. Complex conjugation sends
u to u−1, and hence

NK/k0(η)
2 = NK/k0(uε0) = ε20.

Therefore NK/k0(η) = ±ε0, so either ε0 or −ε0 is a norm from K.
Now K/k0 is the quadratic extension cut out by −d, so a prime p of k0 with p | d is ramified

in K/k0, and for an element of k×0 that is a local norm everywhere one has, at every p ∤ 2∞
unramified in k0(

√
±ε0)/k0,(±ε0

p

)
= 1, i.e. Artk0(

√
±ε0)/k0(p) = 1.

Apply Lemma 5.1 with k = k0, with the fixed abelian extension M = k0
(√
ε0
)
· k0
(√

−ε0
)
, which

is independent of d, and with m = 1. For a density-one set of d, every element of Gal(M/k0)
occurs at a prime p | d. Choosing one that is nontrivial on both quadratic subextensions shows
that neither ε0 nor −ε0 is a norm from K, contradicting qK = 2. □
5.2.3. The direct-sum defect. Since j ◦N = 2 · id on ClK , one has 2ClK ⊆ im j. Multiplying once
more by 2 and passing to primary parts gives

4ClK [2∞] ⊆ j
(∏

i

2Clki [2
∞]
)
,

∣∣4ClK [2∞]
∣∣ ≤∏

i

∣∣2Clki [2∞]
∣∣.

Indeed, let x ∈ 4ClK [2∞] and write x = j(y) with y ∈
∏

i 2Clki . Split y = y2 + y′ into its
2-primary and odd parts. Then j(y2) is 2-primary and j(y′) has odd order, and x = j(y2) + j(y′)
is 2-primary, so j(y′) = 0 and x = j(y2) with y2 ∈

∏
i 2Clki [2

∞], the splitting into primary parts
being compatible with multiplication by 2.



ASYMPTOTIC INDEPENDENCE OF CLASS-GROUP 4-RANKS 47

Definition 5.3. The preceding inclusion allows us to define the direct-sum defect by

λK := log2

∏2
i=0

∣∣2Clki [2∞]
∣∣∣∣4ClK [2∞]

∣∣ =
2∑

i=0

∑
n≥2

rk2n Clki −
∑
n≥3

rk2n ClK ≥ 0.

Abbreviate S :=
∏2

i=0 2Clki [2
∞] and Q := 4ClK [2∞], both finite. We have Q ⊆ j(S) and

trivially |j(S)| ≤ |S|, so
|Q| ≤ |j(S)| ≤ |S|.

Thus λK = log2(|S|/|Q|) ≥ 0, and λK = 0 holds if and only if both inequalities are equalities.
Equality on the right is equivalent to the injectivity of j|S , while equality on the left, given
Q ⊆ j(S), is equivalent to Q = j(S). Hence λK = 0 if and only if j restricts to an isomorphism
j|S : S → Q.

It remains to compute λK . The ambiguous class number formula gives the 2-rank of ClK ;
combining it with the 2-part of Kuroda’s formula relates λK to the 4-rank of ClK . The density-
one formula of Koymans–Morgan–Smit evaluates that 4-rank independently and leaves only dyadic
data.

Let ∆d0 := ∆(d0) be the discriminant of k0. Thus, for p ∤ 2d0, the additive symbol [
∆d0
p ]

vanishes exactly when p splits in k0/Q.

Proposition 5.4. Let d0 > 1 be squarefree with hk0 odd, and let

ω+(d) := #{p | d : [
∆d0
p ] = 0}, ω−(d) := #{p | d : [

∆d0
p ] = 1}

be the numbers of prime divisors of d that split, respectively remain inert, in k0/Q, and let
δ = δ(d) ∈ {0, 1, 2} be the number of primes of k0 above 2 that ramify in K/k0. Then

rk2ClK
P
= 2ω+(d) + ω−(d) + δ − 1. (79)

Proof. Write G = Gal(K/k0) = 〈σ〉 and A = ClK [2∞]. For the quadratic extension K/k0 one has
ιk0→K ◦NK/k0 = 1+ σ on ClK , where ι denotes extension of ideals. Hence (1 + σ)ClK ⊆ ι(Clk0).
The latter group has odd order, whereas A is a 2-group, and therefore

(1 + σ)A = 0,
(
ClGK

)
[2∞] = AG = A[2] = ClK [2].

In particular, |(ClGK)[2∞]| = 2rk2 ClK .
For the unit norm index, the four classes in Ek0/E

2
k0

are represented by 1,−1, ε0,−ε0. Thus

[Ek0 : Ek0 ∩NK/k0(K
×)] ≤ 4,

with strict inequality only if one of the three nontrivial representatives u0 is a norm. In that case
u0 is a local norm at every ramified prime p | d, and hence

Artk0(
√
u0)/k0(p) = 1 (p | d).

Apply Lemma 5.1 to the fixed abelian extension
M = k0(

√
−1) k0(

√
ε0) k0(

√
−ε0).

For each u0 ∈ {−1, ε0,−ε0}, choose σu0 ∈ Gal(M/k0) whose restriction to k0(
√
u0) is nontrivial.

For a density-one set of d, the lemma supplies a prime pu0 | d, possibly depending on u0, with
Artin symbol σu0 . Thus no nontrivial unit class is a norm, and consequently

[Ek0 : Ek0 ∩NK/k0(K
×)]

P
= 4. (80)

Apply (78) to K/k0 and count the ramified places.
Infinite places. k0 is real quadratic, so it has two real places; K is totally imaginary, so both

become complex, and each contributes ev = 2: a factor 22.
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Primes dividing d. Let p | d. Since gcd(d, 2d0) = 1, p is unramified in k0/Q, and it splits or is
inert according as [

∆d0
p ] is 0 or 1; the number of primes of k0 above p is therefore 2 or 1. Each

such prime p satisfies vp(−d) = 1 because d is squarefree and p is unramified in k0, so p ramifies
in K = k0(

√
−d). Together these contribute 2 2ω+(d)+ω−(d).

Primes above 2. By definition these contribute 2δ; that δ depends only on the 2-adic stratum
follows from the local square-class computation in Lemma 5.7 below.

No other place ramifies. Hence
∏

v ev = 2 2ω++ω−+δ+2, and (78), (80), and [K : k0] = 2 give, on
a density-one subset, ∣∣ClGK∣∣ = hk0 · 2 2ω++ω−+δ+2

2 · 4
= hk0 · 2 2ω++ω−+δ−1.

Since hk0 is odd, the 2-primary part of ClGK has order 2 2ω++ω−+δ−1. The first paragraph of the
proof identifies this order with 2rk2 ClK . □

Taking 2-parts in (77) gives the identity on which the comparison of ranks turns:

∑
n≥1

rk2n ClK = log2 qK − 1 +

2∑
i=0

∑
n≥1

rk2n Clki . (81)

We need a negative-twist correction to the real-base formula of Koymans–Morgan–Smit. Recall
that ∆(n) is the discriminant of Q(

√
n), and let ∆F be the discriminant of F . For an integer m,

write ωin(m) for the number of its distinct prime divisors that are inert in F/Q.

Lemma 5.5. Let F/Q be real quadratic. For a density-one set of negative squarefree integers n,

rk4ClF (
√
n) = ωin(∆(n)) + ω(∆F ) + rk2ClF −2. (82)

Proof. Let χn be the quadratic character of F (
√
n)/F , and use the Selmer groups of [16, §3.1].

The kernel of restriction from H1(GF ,Z/2Z) to H1(GF (
√
n),Z/2Z) is {0, χn}. At every real place

the local condition defining Selχn(GF ,Z/2Z) is zero. Since n < 0, the character χn is nontrivial
at both real places, and hence

Selχn(GF ,Z/2Z) ∩ {0, χn} = {0}.

Thus the last sentence in the proof of [16, Theorem 3.4], which inserts the one-dimensional kernel
{0, χn}, must be omitted in this sign range. On the same generic set used in their proof of
Theorem 6.1, the dimension identity is consequently

dimF2 2 Sel(GF (
√
n),Z/4Z) = dimF2 Selχn(GF ,Z/2Z)

+ dimF2 Sel(GF ,Z/2Z),

without the final −1 printed there. Proposition 3.10 of [16] is unchanged and, for real F , gives

dimF2 Selχn(GF ,Z/2Z) = ωin(∆(n)) + ω(∆F )− 2.

Their Lemma 3.1 identifies the other two dimensions with rk4ClF (
√
n) and rk2ClF , proving (82).

Finally, the exceptional sets in the inputs to their proof have size o(X) among squarefree
|n| ≤ X. Their intersection with n < 0, and hence with the fixed coprimality subfamily used here,
is still o(X). □

Write ι2 = 1{2 is inert in k0/Q} and w = ω(∆d0) − s ∈ {0, 1}. Since the odd prime divisors of
∆(−d) are those of d,

ωin(∆(−d)) = ω−(d) + b1ι2.
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Proposition 5.6. Let d0 > 1 be squarefree with hk0 odd. Then

λK
P
= b1(ι2 − 1) + w − (b2 − s) + δ, (83)

where b1, b2 are the border widths from Section 2.1.2 and δ is as in Proposition 5.4.

Proof. The hypothesis that hk0 is odd gives rk2Clk0 = 0 identically. On the density-one set
supplied by Theorem 5.2 and Proposition 5.4, one also has qK = 1. Split the two sides of (81)
into their 2-, 4- and higher-rank contributions, and cancel the higher tails by the definition of λK .
This gives

rk4ClK =
2∑

i=0

rk2Clki − rk2ClK −1 + λK .

Genus theory gives rk2Clk1 = r + b1 − 1 and rk2Clk2 = r + b2 − 1. Substituting (79) and
r = ω+(d) + ω−(d) yields

rk4ClK
P
= ω−(d) + b1 + b2 − 2− δ + λK . (84)

On the common density-one set, apply (82) with F = k0 and n = −d, use rk2Clk0 = 0 and
ω(∆d0) = s+ w, and compare the result with (84). This gives (83). □

The right side of (83) is determined by the following local calculation at 2.

Lemma 5.7. Let M/Q2 be a ramified quadratic extension and let u ∈ Z×
2 .

(i) If M = Q2(
√
v) with v ∈ Z×

2 (equivalently, v ≡ 3 mod 4), then M(
√
u)/M is unramified

for every u ∈ Z×
2 .

(ii) If M = Q2(
√
2v) with v ∈ Z×

2 , then M(
√
u)/M is ramified precisely when u ≡ 3 mod 4.

Proof. The unramified quadratic extension of Q2 is Q2(
√
5), so the unramified quadratic extension

of M is M(
√
5); hence for a unit u the extension M(

√
u)/M is unramified (possibly trivial) if and

only if u lies in (M×)2 ∪ 5 (M×)2. Now a unit u is a square in M if and only if Q2(
√
u) ⊆M , i.e.

if and only if Q2(
√
u) is Q2 or M .

In case (i), M = Q2(
√
v) with v a unit, so the units that are squares in M are those with u ≡ 1

or u ≡ v modulo (Z×
2 )

2, that is, the classes {1, v} in Z×
2 /(Z

×
2 )

2 = {1, 3, 5, 7} mod 8. Adjoining
the classes 5 · {1, v} = {5, 5v} and using v ∈ {3, 7} mod 8, one gets {1, 3, 5, 7} in either case:
{1, 3} ∪ {5, 7} for v ≡ 3, and {1, 7} ∪ {5, 3} for v ≡ 7. So every unit is covered and no unit gives
a ramified extension.

In case (ii), M is generated by the non-unit
√
2v, so M 6= Q2(

√
u) for any unit u and the

only unit square class in M is {1}. The unramified class is {5}, and the remaining classes {3, 7},
equivalently u ≡ 3 mod 4, give ramified extensions. □

5.2.4. The direct-sum decomposition and the 8-rank distribution.

Proof of Theorem 1.3. The Hasse unit-index assertion is Theorem 5.2. By the characterization
following Definition 5.3, it remains to prove λK

P
= 0 for the group assertion. Proposition 5.6

reduces this to showing that
E = b1(ι2 − 1) + w − (b2 − s) + δ

vanishes in every admissible 2-adic stratum.
Throughout, b1 = 1 exactly when κ is even, i.e. when −d ≡ 3 mod 4. There are three cases

according to the behaviour of 2 in k0.
2 splits (d0 ≡ 1 mod 8; then e = 0, κ0 even, w = 0, ι2 = 0). Formula (23) gives b2−s = b1. Both

completions are Q2, and Q2(
√
u)/Q2 is unramified for u ≡ 1 mod 4 and ramified for u ≡ 3 mod 4;

so δ = 2b1. Hence E = −b1 − b1 + 2b1 = 0.
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2 is inert (d0 ≡ 5 mod 8; then e = 0, κ0 even, w = 0, ι2 = 1). Again b2 − s = b1. The
completion is the unramified quadratic extension L/Q2, in which 5 becomes a square, so L(

√
u)/L

is unramified for u ≡ 1, 5 mod 8 and ramified for u ≡ 3, 7 mod 8; thus δ = b1. Hence E =
−b1 + b1 = 0.

2 ramifies. Then ι2 = 0 and w = 1, and there is one dyadic prime p of k0, so δ ∈ {0, 1} and
E = 1− b1 − (b2 − s) + δ.

• e = 0 and d0 ≡ 3 mod 4 (κ0 odd): here k0,p = Q2(
√
d0) with d0 a unit, so Lemma 5.7(i)

gives δ = 0 for every d. Since κ0 is odd, b2−s = 1−b1, and hence E = 1−b1−(1−b1) = 0.
• e = 1: here k0,p = Q2(

√
d0) with d0 = 2q1 · · · qs, so Lemma 5.7(ii) gives δ = 1 exactly

when −d ≡ 3 mod 4, i.e. δ = b1. Also b2 − s = 1, so E = 1− b1 − 1 + b1 = 0.
This exhausts the three possible behaviours of 2 in k0. □

Proof of Corollary 1.5. Taking 2-ranks in the isomorphism of Theorem 1.3 gives

rk8ClK
P
=

2∑
i=0

rk4Clki .

Since hk0 is odd, rk4Clk0 = 0, which proves the first assertion.
For uniform d ∈ Fd0(X), put

Xd := rk8ClK , Yd := r4(−d) + r4(−d0d).

The first assertion couples these variables so that

dTV

(
Law(Xd),Law(Yd)

)
≤ P(Xd 6= Yd) = o(1).

By Theorem 1.1 and contraction of total variation under the sum map, the distribution of Yd
converges in total variation to the convolution of πCL with itself, whose mass at m is∑

a+b=m

πCL(a)πCL(b).

The triangle inequality gives the same convergence for Xd. □

Remark 5.8 (Related biquadratic results). Prior results for biquadratic fields include the Dirichlet
setting of Fouvry–Koymans and Fouvry–Koymans–Pagano [6, 9], and the density-one formula
of Koymans–Morgan–Smit for F (

√
n) with F quadratic [16]. In the real-base, negative-twist

correction used above, the archimedean local condition changes the displayed constant by one.
Arithmetic statistics of the Hasse unit index in other biquadratic families were studied by Chan–
Milovic, Milovic, and Koymans–Pagano [2, 27, 18]. Those works concern different signatures, a
different fixed quadratic subfield, or prime-parametrized families.

The 2-torsion of biquadratic and, more generally, multiquadratic fields is treated by Fröhlich
and by Koymans–Pagano [10, 14]. The 2-rank of imaginary bicyclic biquadratic fields was studied
by McCall–Parry–Ranalli [26]. Proposition 5.4 is the direct specialization of the ambiguous class
number formula to the present family. The resulting 4-rank identity is likewise a specialization of
Kuroda’s formula. For Kn = Q(

√
n,

√
−n), Fouvry–Koymans [6, equations (3.1) and (3.2)] obtain

rk4ClKn = rk2Cl
(
Q(

√
n)
)
+ rk2Cl

(
Q(

√
−n)

)
− rk2ClKn + log2Q(n)− 1

under hypotheses that make the 8-ranks and all higher ranks vanish. In the present family
with fixed real subfield k0, the higher-rank tails cannot be discarded a priori. Their difference is
recorded by the nonnegative defect λK , which is shown to vanish only after the dyadic calculation.
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