ERROR TERM IN THE COHEN-LENSTRA HEURISTIC VIA RANDOM
MATRIX APPROACH

YUE XU AND XIUWU ZHU

ABSTRACT. The Cohen-Lenstra heuristic predicts the distribution of ideal class groups over number
fields. Random matrix models provide a natural framework for explaining this heuristic, and recent
results demonstrate the effectiveness of these tools. In this paper, we extend the analysis of the
random matrix model to examine the error term in the Cohen-Lenstra heuristic. Additionally, we
derive the asymptotic distribution of the corank of random matrices over finite fields, which can be
modeled as a special class of Markov chains.

1. INTRODUCTION

1.1. Cohen-Lenstra heuristic. The Cohen-Lenstra-Martinet heuristics [4, 28] predict that for a
family of number field extensions over a fixed base field, the distribution of ideal class groups is
inversely proportional to the complexity of the algebraic structures of these groups, particularly the
size of their automorphism groups. For example, Z/97Z is expected to occur more frequently as a class
group than (Z/37Z)2.

In this paper, we focus on quadratic fields, following Cohen and Lenstra’s original formulation [3].
Let D be a fundamental discriminant and Cl(D) the ideal class group of Q(v/D). For any odd prime
p and finite abelian p-group G, they conjectured:

hy PO <ED < X:CUD)p™]~ G} _ Moo (P) /N (P)
X—o0 #{0<+D < X} |G| |Aut(G)]

where uy =1, u_ =0, and 7;(p) = H;Zl(l —pd)fori=0,1,...,00. As a corollary,

SoICD)pll~Cr > 1~CLX as X - o0

0<+D<X 1<+D<X

for constants Cy and C'.. Davenport and Heilbronn [5] established the p = 3 case in 1971 with
Cy =4/3, C_ = 2. For general p, recent work [18, equation (1.14)] shows that for any ¢ > 0,

3 ICUD) ]| e X T
0<+D<X

which remains far from the conjectured result.
For the 2-part of Cl(D), Gauss’s genus theory and the Hardy-Ramanujan theorem [14] imply that
dimp, C1(D)[2] grows like loglog |D|. Consequently, the 2-torsion subgroup is of density zero as |D|
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increases. Gerth [12] extended the conjecture to finite abelian 2-groups G:

p #{0<ED < X 20UD)2%] = G 1o(2)/10 (2)
P #{0<+D < X} =G [Aw(G)]

Smith [24] proved this for imaginary quadratic fields in 2017, and recently extended these results to
£>-class groups of cyclic f-extensions over general base fields excluding 2¢-th roots of unity [26, 25].

We now examine the error term in the Cohen-Lenstra heuristic.

1.2. Error term and random matrix model. The counting of fundamental discriminants is well-
understood (for example, see [6, equation (16)]):

#{0<+D < X} = %X +0(X1/?).
Y

For any finite abelian p-group G, define the error term:

Ei (G, X) = #{0 < £D < X : CI(D)[p™] ~ G} — W . %X

Smith’s work [26, 25] established the bound:
E. (G, X) < Xexp (fc~ (log log log X)l/z) ,
which naturally raises several questions about the error term’s behavior:

Question 1. Does E1 ,(G, X) admit a power-saving bound (i.e., O(X?) for some 6 < 1)? If so, does
6 depend on G or p; moreover, can we determine an explicit main term for E4 (G, X) as X — 00?

For a function f defined on all finite abelian p-groups, define the f-average error:

Eip(f, X Zf ) Ex (G, X).

Question 2. Do the error terms E ,(f, X) share the same properties as in Question 17

For the case p = 3 and f(G) = |G[3]|, Bhargava, Taniguchi, and Thorne [2] refined the Davenport-
Heilbronn results, proving the existence of constants B+ such that for any € > 0:

E13(|G[3]], X) = BLX%/6 4 O(X¥3+¢).

For general p, taking f = 1{g: G nontrivia} (the indicator function for nontrivial groups), based on
numerical experiments, Lewis and Williams [20] conjectured that

EJF’P(I{G: G nontrivial}» X) ~ CpXSp,

where C), depends on p, and s, (potentially consistent across odd primes) appears to lie between 0.7
and 0.8.

In subfigures (a)-(d) of Figure 1, the prime p is set to 3, 5, 7, and 11, and the elementary divisors
of the p-group G are [1], [p], [p?], and [p, p], which correspond to G ~ 0, Z/pZ, Z/p*Z, and (Z/pZ)?,
respectively. We plot the ratios log |E_ ,(G, X)|/log X as X (the bound on the absolute discriminant
of imaginary quadratic fields) increases.
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F1GURE 1. Plots of log |E_ ,(G, X)|/log X for varying negative discriminant bounds
and p=3,5,7,11

Our numerical experiments for imaginary quadratic fields with p = 3,5,7,11 and |D| < 108 reveal
that as X grows:
log |E_ (G, X))

log X

Remark 3. While the numerical experiments provide limited evidence for error term predictions in
2°°-class groups, the Cohen-Lenstra heuristic for Selmer groups of quadratic twists of an elliptic curve
E offers an illuminating parallel. As noted in [26, Remark 1.3], in this analogous setting, the error
term corresponds to twisted curves E¢ of Mordell-Weil rank greater than 1 and is conjectured to be
O(X3/4%€) for any € > 0 when |d| < X.

the ratio exhibits clear convergence, with a limit greater than 1/4.

We now consider the interpretation of the Cohen-Lenstra heuristic through random matrix models,
which will allow us to analyze the error term more precisely.

The connection to random matrices was first established by Friedman and Washington [7] for func-
tion fields. Following [29, 27|, we review how the p-class group arises as the cokernel of a random
matrix. Let S be a finite set of primes in Q(v/D) generating C1(D), with O¢ the S-unit group and Ig
the group of fractional ideals generated by S. This gives the exact sequence:

s ®ZLy— Is ®Z, — CI(D)[p™] — 0.
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Here, Is ® Z, (respectively Of ® Z,,) is a free Zy-module of rank n := |S| (respectively n + u4),
allowing us to express C1(D)[p>] as coker Mp for some matrix Mp € Mat,, (n4uy)(Zp).

Crucially, the matrix size n > dimy, C1(D)[2] grows asymptotically as loglog|D|, and thus increases
with |D| and X. If we model Mp as random in this limit, we obtain the correspondence:

#{0 < +D < X : CI(D)[p™] ~ G}

F0<iD< X} e 11 ({M € Maty,x (ntuy)(Zp) : coker M ~ G},

(%)

where p is the normalized Haar measure on Mat,, x (n4uy)(Zp). This leads to the Cohen-Lenstra
distribution through the key result 7, 29]:

. Moo (P)/1m (P)
Jim (M € Moty (Z) s coker M = G) = GEmr S

In this paper, we establish the following refined version of the random matrix model distribution:

Theorem 4. For a prime p and integer m > 0, consider the normalized Haar measure 1 on Maty, x (nqm)(Zyp)-
Then for any finite abelian p-group G,

1 ({M € Maty, x (n+m)(Zp) : coker M =~ G}) = W (G) + An(G)p™" + O(p_2”),

where

_ o (P)/1m(p) _ wp(G) (A +pm — prr(@)
on(@) = ey M@= p-1 |

The implicit constant is at most (1m(p)?/Nee(p)* — 1) vz,
Remark 5. The proof technique actually yields higher-order expansions when needed.

For further discussion on the application of this random matrix model, we need to fix a method for
choosing S, that is, choosing the primes that generate C1(D). Let T'(D) be the smallest value such
that the collection of all prime ideals with norm < T'(D) generates C1(D). We take S to be this specific
set of prime ideals. By the prime number theorem for number fields, we have the asymptotic relation:

T(D)
=S| < .
n=181= ey

Consider the correspondence (*). Multiplying both sides by #{0 < £D < X} and subtracting the
main term w,, (G) - =X, we find that E4 ,(G, X) corresponds to:

3

1 ({M € Maty,x (ntus)(Zyp) : coker M~ G}) - #{0 < £D < X} — w,, (G) - ?X

= win (G)O(X /) + /\m(G)p_"%X A (@O X VA £ O(p 2 X).

Here we use the conjectural error bound #{0 < £D < X} = £X + O(X/4+) from [22, Remark
1.1]. The dominant contribution to Ey ,(G,X) comes from comparing two terms: the error term
O(w,, (G)X/4F€) from discriminant counting, and the secondary term A,, (G)p~™™ - -5 X from the
matrix model. The larger of these two terms will dominate.

To analyze the behavior of X/p™, we must consider the growth of T'(D). Current results in [15]
show T(D) < (log D)?. Furthermore, [1] suggests that on average, T'(D) may grow more slowly: "It



ERROR TERM IN THE COHEN-LENSTRA HEURISTIC VIA RANDOM MATRIX APPROACH 5

even looks plausible that the average value of T(D) as D increases is O((log D)'*€) for any e > 07,
This implies:
1
#{0<+D < X}

> T(D) < (log X)'*.
0<+D<X

Thus the average value of n = % is likely of size o((log X)'*€) for any € > 0, suggesting that
X/p™ behaves essentially like a power-saving term.

Combining these analytic and heuristic considerations, we arrive at the following refined conjec-
ture: For every prime p and any finite abelian p-group G, there exist explicit constants By ,(G) and
exponents 64 ,(G) > 1 such that the error term satisfies:

Ei (G, X) ~ By ,(G)X%%2(@) a5 X — .

This conjecture naturally combines predictions from random matrix theory with established number-
theoretic and numerical evidence.

1.3. Random matrices over finite fields. The cokernel distribution of p-adic matrices is closely
related to the corank distribution of random matrices over finite fields. These distributions play a
significant role in number theory, particularly in the Cohen-Lenstra conjecture for ideal class groups
and Selmer groups [24, 17], with additional applications in coding theory (cf. [9]).

In this paper, we investigate several arithmetically significant random matrix models over finite
fields, including uniform, symmetric, and skew-symmetric cases. These corank distributions share a
key feature: they form reversible Markov chains with compactness properties. Consequently, analyzing
their asymptotic behavior reduces to studying the convergence rates of the associated Markov chains.

For such chains, exponential convergence occurs precisely when certain drift conditions are satis-
fied [10], with the convergence rate determined by the largest absolute value of non-one eigenvalues
in the transition matrix [21]. Our approach treats these transition matrices as compact operators on
separable Hilbert spaces. Using g¢-series techniques, we determine their complete spectra and apply
the spectral theorem to obtain detailed asymptotic behavior at all orders.

Let P be the transition matrix of an irreducible, aperiodic Markov chain on a countable set I,
reversible with respect to 7 (i.e., w(¢)P(i,5) = 7(§)P(j,¢) for all i,5 € I). We work in the Hilbert
space £2(r) of complex-valued sequences p = (u(i));er, equipped with the inner product and norm:

e = 3 PO e = G

In this framework, P acts as a bounded, self-adjoint linear operator on ¢2(w) via P - ju := uP.

Let ¢ be a prime power and m > 0 a non-negative integer. We consider the random variables
{Xnmtn>1 2 Maty, (nym)(Fq) = Zso defined by M — corank M := n — rank M. Following [13], we
have

Prob (X, m = 1) = (60 Py )(7),

where dp = (1,0,0,...) and the transition matrix P, is given by

q—1—2i—m, lfj =4+ 1’
P (Z ]) — 1- (1 - q_l)(l - q—m—i) - q—1—2i—m’ lf.] = i)
m L—g)1-g ™), ifj=i-1,

0, otherwise.
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The matrix P, is irreducible, aperiodic, and reversible with respect to the stationary distribution m,,,
where

: Moo ()
T (1) = — .
m{?) @i (@)i4+m (q)
We analyze the spectral properties of P,, and prove the following theorem.

Theorem 6. The operator P, is compact on (?(m,,), with eigenvalues {q*k k> O}.

The eigenspaces for each eigenvalue can be explicitly constructed. Moreover, the theorem remains
valid for real ¢ > 1 and m > —1, with the corresponding transition matrix.

Applying the spectral theorem (Theorem 11), we obtain the following convergence result, which
improves the main theorem in [9] (see Remark 16).

Corollary 7. Let q be a prime power and m > 0 an integer. Then

= 21, (0) 1 1
Z |Prob (corank M=i|Mce Mat7,x(n+m)(IFq)) — wm(i)} = (qil()q)m . o +0 () ,
i=0

where the implicit constant is bounded by (1,,(0)~2 — 1)1/2,

The asymptotic expansion can also be extended to higher-order terms of ¢~ %" for k > 2.
In section 4, we study other matrix spaces, including symmetric, skew-symmetric, and Hermitian
matrices following [9]. The spectra of their associated transition operators are as follows.

Theorem 8. Let Psyy (resp. Paiy, Qals, Puer) denote the transition matriz for symmetric (resp.
alternating-1, alternating-2, Hermitian) n X n matrices, analogous to P,,. Then:

(1) Py is compact on €2 (Teym), with eigenvalues {£q=% : k > 0}\{—1}.

(2) Pay (resp. Qan) is compact on €%(may) (resp. £2(wy,)), with eigenvalues {g=2* : k > 0}.

(3) Puer is compact on (%(myer), with eigenvalues {(—q)~% : k > 0}.

These spectral results yield analogous asymptotic expansions for the corank distributions, providing
sharp convergence rates.

Acknowledgements. The authors thank Ye Tian and Jinzhao Pan for helpful comments. They
also thank anonymous referees for valuable suggestions. The authors thank Peigen Li for helpful
discussions and Beijing Institute of Mathematical Sciences and Applications for its support. The first
author was partially supported by the Fundamental Research Funds for the Central Universities (Grant
No. XJSJ25010) and the Xiaomi Young Scholar Program.

2. SPECTRAL THEOREM ON REVERSIBLE MARKOV CHAIN

Let P be a transition matrix defined on a countable set I. Assume that P is irreducible and
aperiodic, and that P has a unique stationary distribution denoted by 7. According to the basic limit
theorem, we have

|uP™ —7|lty — 0, asn — oo,
for any nonzero initial distribution p. Here, the modified total variation distance (without the factor
1/2) between two distributions pq and pq is defined as follows:

i1 = piollew o= g (6) — pa (i)

i€l
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A natural question is how fast uP™ converges to m. Under certain drift conditions (see [10] for details),
the convergence rate is generally exponential. Can we derive an explicit asymptotic estimate of the
convergence rate for specific P?

2.1. Reversible Markov chain. Further assume that P is reversible with respect to 7, i.e., 7(j)P(j,1) =
7(i)P(i, j) for any 4,5 € I. Since P is irreducible, 7(i) > 0 for all i. We define the Hilbert space £2(r)
of complex-valued sequences as follows:

() = {u— (i), ) ec | S |A;((i;)l2 - OO}.
i€l

The inner product and norm on ¢2(r) are defined as follows:

e = 3 PO il = G2

@ )

The Cauchy-Schwarz inequality implies ||utn < ||p]lx. Indeed,

. 2
mi=(§jyggWMﬁ0 < lul2.

el

The operator P naturally acts on ¢2(r) via P - ju := uP.
The following spaces are more commonly used in the literature (see [10] for details). For 1 < p < oo,
define

() = {f:(... @), )T ed!

WW<m}

and

P-f:=Pf, |Ple:= sup [Pflle-
(1 fllep=1

. 1 .
Here, ||fller == (3 .e; | f(0)[P7 (i) ? for p # 00, and || f]l¢ := sup; | f(i)|]. Note that both || P/, and
| P||¢= are no greater than one. By Holder’s inequality, we have ||P| ;2 < 1. In particular, ¢2,,(r) is a
Hilbert space with the inner product

(f,9)e = f(D)g(D)m(i).
icl
Since P is reversible, there exists an isomorphism between the two Hilbert spaces that is compatible
with the action of P:

¢ () = Log(m), = (o p@)/w(i), )"
Then

| Pllx = ” leP |uPllx = || Pl < 1.
pll=1

In other words, P is a linear contraction on £2(7).
On the other hand, the adjoint operator P* on ¢2(7) is defined by

PG i)
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Thus, P is self-adjoint as an operator. By fixing a one-to-one bijection between I and Z>(, we obtain
an isomorphism between ¢?(7) and

0= v =(v(0),v(1), )T e CP=0

. 1/2
vl = <Z|V(i)|2> < oo
i=0

by sending u to pu//7. Hence, £?(r) is separable. In summary, P is a bounded, self-adjoint, linear
operator on the separable Hilbert space £2(7).

2.2. Spectral theory.

Definition 9 (Spectrum of linear operators). Let T' be a linear operator defined on a complex Hilbert
space X . The spectrum of T, denoted by o(T'), is defined as follows:

o(T) :={A e C: (N —T) is not bijective}.
The spectrum of T is divided into three disjoint subsets:

(a) The point spectrum, or the set of all eigenvalues of T, is defined by
op(T) ={X € o(T) : Ker(A\ - T) # 0}.
(b) The continuous spectrum of T is the set defined by
0o(T) ={\ € a(T) : Ker(A\l = T) =0, and Imn(A\ — T) = X }.
(¢) The residual spectrum of T is the set defined by
o (T)={A€o(T) : Ker(\[ = T) =0 and In(A\] - T) C X}.
Theorem 10 (Spectral theorem). Let T be a bounded self-adjoint linear operator on an infinite-

dimensional separable complex Hilbert space X. Then

(1) o(T) is a closed subset in B(0, ||T||);

(2) o(T) = 0;

(3) all eigenvalues of T' are real;

(4) eigenvectors associated with distinct eigenvalues are orthogonal.

If T is further assumed to be compact, then

5) all eigenspaces of T are finite-dimensional;

) for any r > 0, there are only finitely many eigenvalues of T with absolute value greater than r;
)

)

(
(
(
(

o(T) ={0} Uo,(T), and at least one of —||T|| or || T is an eigenvalue of T;
Arrange all eigenvalues by their absolute value: |T|| = |Xo| > |A1| = |A2| > ---. Then
€2(7T) = @ V)\i,

i>0

where Vy, are the eigenspaces associated with ;.
Theorem 11. Assume further that P is a compact operator on £2(r). Let Ao, A1, A2, -+ be all eigen-
values of P with non-increasing absolute value. Then for any u € £*(r),

k

P =" X pillew = O([Xesa ™).
=0
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Here, p; is the A;-component in the spectral decomposition of p, and the implicit constant is less than
lgellx- In particular,

lallew - [Aa]™ + O A2]™), if |2l > Azl

[P™ = pollw = N N -
O Ll + (D) p2lle) - A"+ O(As™),if (M| = [Aa.

Here, po = (p-1)m, 1= (1,1,--- ,1,--)T, and the implicit constant does not exceed (||ul|2 — (- 1)?) vz,

This theorem generalizes fact 3 in [23].

Proof. Since P is irreducible, it has a unique stationary distribution 7, which is an eigenvector corre-
sponding to the eigenvalue 1. For any p € V) with A # 1, we have p-1 = 0, since u-1 = p-P1 = pP-1 =
A(p - 1). We now prove that A\ # —1. If not, let 1 be a nonzero eigenvector in V_1, and decompose p
as jt = puy — pi—, where p+ > 0. Without loss of generality, we assume » ., py (i) = 1=, p_ (i),
since Y, ., (i) = p-1 = 0. By the basic limit theorem, p = (=1)**p = pP** = p P>" — p_P?"
converges to m — m = 0 as n — 0o. By similar argument, we have V; = ().

By the spectral theorem, for any p € ¢?(r), we can write u = Y, fts, where p; € Vy,. Note that
p1; are orthogonal and g = (pu - 1)m. Then uP™ = 3" ,o 0 APp;, and

k 0o
P =Y N wllz = Y Al

=0 i=k+1
e} )\i 2n
=<Ximm(A)>wﬁl
Nl k+1
) k
< ( Z M¢||3r> At = (el - Z lall2) - A
i=k+1 i=0
Thus,
k
P =" X pillew = O([Xesa ™).
1=0

In particular, if |[A\1]| > |A2|, we have

[1P™ = po = AT pa flew = O(|A2]"),
and hence

1P = piollew = [lpalleo - [Aa]" + O(A2]").
If |A1] = |A2|, we have

IWP™ — piolleo = (s + (—1)"pallw) - Al + O(Aal™), s m — oo,
All implicit constants are bounded above by (||u]|2 — ||pol|2)"/? = (||p||? — (- 1))/ O
3. HILBERT-SCHMIDT MARKOV CHAINS

Recall that a bounded linear operator 1" on a separable Hilbert space X is called Hilbert-Schmidt
if there exists an orthonormal basis {e,, : n > 0} such that

1
oo 2
Tlhs = (z nmu?) o
1=0
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A Hilbert-Schmidt operator is always compact. To see this, let Py be the projection onto the finite-
dimensional space spanned by {ey, -+ ,en}. Then PyT, being a finite-rank operator, is compact and
converges to T' uniformly.

Note that the Hilbert-Schmidt norm is independent of the choice of orthonormal basis. In our
situation, the main idea to prove that an operator is Hilbert-Schmidt is to find an orthonormal basis
consisting of eigenvectors and then show that

o0
ITN3s = D didf < oo,
=0

where d; is the dimension of V), .

Definition 12. Let P be an irreducible, aperiodic, and reversible transition matriz with respect to .
Then P is said to be Hilbert-Schmidt if it is Hilbert-Schmidt as an operator on €*().

For any two real numbers ¢ > 1 and m > —1, consider the transition matrix P,, on Zx>( defined by

q—1—2i—m,) lf] =3 + 1’
P (Z ]) — 1- (1 - qil)(l - qimii) - q7172i7m’ lf.] = iv
m (1—g )1 —g ), ifj=i-1,
0, otherwise.

This matrix is irreducible and aperiodic because P, (4,4) > 0 for all ¢ > 0.
Define the distribution 7, by

(i) = — ami(q) .
qz(z+m)m(q) Hj:l(l _ q—m—J)
where
k: .
m(q) =1 -q7,
=1
and
> 1
em(q)_l = — S — < Q.
; q" ™ (q) [T, (1 — ¢7™m9)

Then P,, is reversible with respect to m,.

We now prove that P, is Hilbert-Schmidt.

k is an eigenvalue. Define

Proof of Theorem 6. First, we prove that for any k > 1, the real number ¢~
Tm 0 q* € CZ20 by

(Tm 0 ¢") (k) := T (k) - ¢
We can check that m,, o ¢* € £(m,,). We claim that there exist coefficients ag, ..., a) (depend on k)
such that Zf:o a; - (Tm 0 ¢') is an eigenvector associated with ¢—%.

It Zf:o a; - (mm 0 ') is an eigenvector associated with ¢~%, that means for each ,

k k
(Z @i (7m0 qi>Pm> =g (Z ai (1) q> .
i=0 i=0
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By reversibility and m,, (1) # 0, this is equivalent to
41 k _
> (3o e =t ().
j=i—1 i=0

Since Z 1 Pn(l,7) =1, we have

k k k
I,1—1 Zal D" + P(l,1+1) Zai(qi ~1g'=(¢g7F 1) (Z aiqil> .
=0 i

=

Substituting the values of P, (l,I — 1) and P, (l,] + 1), we obtain

k
1= +a ™™g +a )Y ala™ =g +q7' 7 ZZZm ¢ —1)q (Zavq )
=0

Comparing the coefficients of ¢* on both sides and formally setting ary; = ar;2 = 0, we obtain the
recurrence relation

(q—i _q—k)ai _ (1 +q—m)(q—1—i _ 1)ai+1 4 (q—2—i—m _ q—m +qi+1—m _q—l—m)ai+2 _ 07 0 < i < k.

This recurrence has a unique solution {ag, ..., ar} up to a scalar factor.

Next, we show that these eigenvectors generate the entire space £2(7,,).

One can verify that the equation vP,, = Av has only one solution (up to scale) for each eigenvalue
A, meaning all eigenspaces V) are one-dimensional. We claim that the P,,-invariant subspace V :=
(mrogq' i>0)is dense in ¢?(m,,), and thus

Plrm) =V = @V

>0

To prove this, it suffices to show that dy € V, where 6; € ¢2(r,,) is defined by 6;(k) =1 if k =i and 0
otherwise. Indeed, if 6o € V, then §; also lies in V because it is a linear combination of 6y and 6Py,
By induction, all §; (which generate ¢?(r,,)) belong to V.

From the g-series identity (due to Euler [11, eq(19)]), we have

ﬁl_qi :i k(_l)k .

i=1 k=0 Hj:l(q] —-1)
Let b, = )&(_71)’“ and ¢ = — b We claim that
jzl(qgfl) Moo (@) ™m (0)
N
]\}gnochk Ty oq ) =6y e l? (Tm.),

which is equivalent to

N
0)- > er — mm(0)"
k=0

2

T e (@2 (0)2 27Tm Z m it )

Moo (q

lHm 7, ( =0.

N—oc0

N 2
> b
k=0
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By the definition of ¢, the first term converges to 0. Since 7, (i) < q_iz_mi uniformly for all 7, it

remains to show
2

o0
J\;gnoo gitrmi -
i=1
Since Y 5o, brg" = 0, we have
o0
5 et
k=N-+1
Note that , 4
bquz - qz
bp_1q(k—Di k_ 1

To use the property of alternating series, we divide the estimation into two parts:

N N 2
Z bquz Z bqui
k=0 k=0

N 2

Z 1
T .
] qZ me

On the one hand, we have

o0

1
and ),

i=N+1

N N 1
Z 2+m1 ' Z bkq = Z 2+msz+1q PV
o7 k=N+1 i=1
N
<1 1 L ovt1)i
> noo(q)Q q(N+1)(N+2) P qi2+mi
1 ™ 2
2(N+1)i—mi—i
< ¢NTD(N+2) Z q :
i=1

Define F(N) := >, @Ni=mi=i® and f(N) = % Then

F(N +1) =1+ ¢?Nt1- qu2N(Z 1)—m(i—1)~(i~1) =1+ @NTI-mE(N).
i=1

Hence,
1 f(N)
fIN+1) = qNFDN+2) T gmAT
and f(N) — 0as N — oo.
On the other hand,
0o 1 N 2 0
2 2N
Z qi2+mi ’ < Z q 2+mzb
i=N+1 k=0 i=N+1

0o
2 ) .
< Z qu —mi+2Ni—N(N+1)
i=N+1
1

< (m+1

TN Zq_(ﬂ'mm} — 0 as N — oo.

i=1
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Hence, all normalized eigenvectors form an orthogonal basis of ¢2(m,,), and

o0
”PmH%-[S = quﬂ = (1 - q72)71'
1=0

Therefore, P, is Hilbert-Schmidt. O

Remark 13. The eigenvalues of all transition matrices (both in the theorem above and in the next
section) can be estimated numerically using matrix truncation methods (see [19]).

From the above proof, we can deduce the following lemma, which is crucial when dealing with
different types of matrices in next section.

Lemma 14. Let m > —1 be a real number. If f(z) = Y00, wiz' € C[[2]] satisfies 32, |pi|2q" T <
oo and f(q*) =0 for all k > 0, then f = 0.

Proof. Let p= (-, ui,---). Note that

1

Thus, 322, |uil?¢" t™ < oo if and only if u € £2(7,,). On the other hand, f(¢*) = 0 for all k > 0 is
equivalent to
{ft, T © ¢")r, =0 for all i > 0.
Hence,
pe (mmog'|i=0)" =3(mn)" = {0}
d

Remark 15. (1) Unlike the conclusion of Carlson’s theorem [8] in complex analysis, the main
differences are that we cannot control the growth of f(z), and the points ¢* are too sparse.
(2) If m < —1, the lemma does not hold. Take p; = b;q*, where b; is defined in the proof of
Theorem 6. Then f(2) = []p—, (1 — ¢ *2z) # 0, but we always have

oo
Z |ui|2qi2+m < oo forany m < —1.
i=0
4. CORANK DISTRIBUTION OF RANDOM MATRICES
In this section, we investigate specific Markov chains arising from the corank distributions of different
types of matrices over finite fields. These problems have been extensively studied in the literature

(see [9, 13]). After proving that these Markov chains are Hilbert-Schmidt, we deduce asymptotic
expressions for the corank distributions using the results from earlier sections.

4.1. Uniform case. Let ¢ be a prime power and m a non-negative integer. The first example we
consider is the uniform distribution on the set of all n x (n + m) matrices over the finite field Fy.
Define the corank of a matrix M as corank M = n —rank M. From [13, Section 1], we know that

Prob (corank M =k | M € Mat,x (n4m)(Fq)) = (80P ) (k),

and the stationary distribution 7, is given by

, Nc(q)
T (1) = — .
" ¢t (q)i+m (@)
Note that this 7, is the same as the one defined in Section 3.
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By Theorems 6 and 11, we obtain Corollary 7.

Proof of Corollary 7. By Theorem 6, the maximal non-one eigenvalue of P, is ¢~!, and
Tm © ¢
Vi=Ty — ————

is an associated eigenvector (unique up to a scalar since V,-1 is one-dimensional). The ¢~ '-component
of §y is given by
<607V>7rm (qm+1)—11/

(S 1 = =
R 7 E S 77
By direct calculation, we have
W V)rp =) mmll) — ———- Zﬂm(i)qi + Zﬂm(i)q%
i=0 I+¢ ™= (L+q™™) i=0

2 1
=M ™y - M my 1 — M my 2)s
(ﬂ— 0) 1+ g™ (ﬂ- ) + (1 + q—m)Q (ﬂ- )

where M (7, k) is the k-th moment of m,,, defined by
M(mtm, k) =D 7 (i)g"
=0

From [3, Example 6.6], it is known that
M(7m,0) =1, M(mp,1)=14+q¢", M(mpn,2)=1+(q+1)g ™ +q >
Substituting these values, we obtain

(¢ —1Dg™

(v, V)y, = Sk

In general, note that M(m,, k) = (m, 0 ¢%) - 1 and Zf:o ai(mm © ¢') € V-« for some coefficients
a; € R. Since V), L 1 for A # 1, we can compute M (m,,, k) by induction.
Now, we have
q"+1
00)g-1 = —————1.
Codo = {1y
Note that (0) > 0 and v(i) < 0 for all i > 0. Since v-1 =32 (i) = 0, the total variation norm of
v is

270, (0)
v =2v(0) = ———.
vl = 20(0) = 25
Therefore, the total variation norm of (dg),-1 is
27, (0)
00)g-1ltw = ————.
||( O)q ||t (q _ l)qm

By Theorem 11, we have

27700 (Q)/nm(Q) — —2
0o Py — Tl = ———————=¢ "+ O0(¢™"),
where the implicit constant is bounded above by

(I6o]12 = (60 - 1)2)"* = (mm(0) 72 = 1) /2.
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Remark 16. In [9], Fulman and Goldstein proved that (note that || - ||t = 2|| - ||7v)

6 n

"< Haop'r’,:], *7TmHtu < qu .

4qm+1 q
Our estimate improves upon their result, as can be seen from the comparison:

2050 (9)/1m (q) < 2 P

(q—1)g™ (q—1)gm = gm+t’
and
2000(9)/1m (@) _  2100(q) 2100 (2) 1
(@ —1)g™ & (@ —1)g™ & (g —1)g™ 7 A

Here, 1(2) =~ 0.29.

Now, we transition from the corank distribution to the cokernel distribution.

Proof of Theorem 4. For a matrix M € Mat,,  (n4+m)(Zp), recall that the cokernel of M is defined as
the quotient Z7 /col(M), where col(M) := MZ3*™ denotes the submodule of Zj generated by the
columns of M. For any finite abelian p-group G, the probability measure can be expressed as

1 ({M € Mat,,x (n4m)(Zp) : coker M ~ G}) = Z p(col (L)),
L<zr

Z;fLéb
where L runs over submodules of Zp.
Fix an My € col (L) C Mat,, « (n+m)(Zp). Then the preimage of L can be expressed as

col ML) = {MoQ : Q € GLy11n(Z,)}.

Consider the decomposition My = Pydiag(ai,aq, ..., an)Qo, where Py € GL,(Zy), Qo € GLyn1n(Zp),
and diag (a1, ag, . .., an) € Maty,x (n4m)(Zp) is the diagonal matrix with diagonal elements a1, az, . .., ap.
Since col(Mp) has finite index in Z7, all a; are nonzero and satisfy |a; - - an |, = |G|

Note that p(Pp - ) also defines a Haar measure on Mat,,  (5,4-m) (Zp) with p(PoMaty, « (n4m)(Zp)) = 1.
The uniqueness of the Haar measure implies p(FPy - ) = p. Thus, we obtain

p(col (L)) =  ({diag(ar, .., 0,)Q : Q € GLuyn(Z,)}).

Hence,
w(col (L)) = pu ({(are, ..., anan) "t (1, ..., 0nsm) | € GLygm(Zy)})
=lar[p ™ Janlp ™ w ({(ar, . om) T i € ZRT\ (PZpTT L 0ia) })
n+m
=l I a=»7).
i=m-+1

Combining this with the submodule counting formula from [3, Proposition 3.1]:

> 1= iarau@) e
L5z, Mn—r(P)

Zy/L~G
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where 7 = rk,(G) := dimp, G/pG denotes the p-rank of G. We conclude that

: coker M =~ = |G|™™|Au 1t m ()11 (P)
#({M : coker M = G}) = |GI ™" Aut(G)| ' TS TS

Recalling the classical results (for example, see [9]),

Nn+m (P)11n (P)
Nn—r (D)0 (P)Nr4-m (D) 7

Prob(corank M = r | M € Mat,,x (nm)(Fp)) = pr(rEm)

we establish the following relation:

pr(”m)nr (p) Nr+m (p)
|G| [Aut(G) |1 (p)

w({M : coker M ~ G}) = Prob (corank M =7 | M € Mat, (n1m)(Fp)) -

The above process originates from [7, Proposition 1] (for m = 0) or [16, Proposition 14.1] (for m = 1).
Finally, reformulate the cokernel distribution using the Markov chain:

W (Q)

T (1)

Thus, to study the asymptotic behavior of the cokernel distribution as n — oo, we only need to

calculate (6o P2) (7).
In the proof of Corollary 7, we have the decomposition:

pw({M : coker M ~ G}) =

(0o P (7)-

p"+1 /
6o =Tm +———Vv -+,
(p—1)p™
where
Tim O P /
— m Vfl d 6 V77
V=T 1+p_m€ P an Eiq% P
Hence,

16 Pl < (16" Pl < 16 ™" < (0 (0) 7% = 1) /2 p2m,
and so (8'P2)(r) = O(p~2").

From this,
: coker M ~ :wm(G) o (r pm;lyr -n —2n
(O olen 01 = 6 = 24 () + Lo 067
= wn(G) + w’"(G)(lerpl =Py o2,

Here, since wy,(G) < mp,(r), the implicit constant is bounded above by

(M (0) 72 = 1) = () /120 (0)* = 1) 2.
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4.2. Skew centrosymmetric case. Assume ¢ is odd. Consider the space of skew centrosymmetric
matrices:

Matifs(Fq) = {M S Matn(IFq) : Mij = _Mji = Mn+17j,n+17i} .
Note that the rank of such matrices is always even (see [9]).
More precisely, we have the following corank distributions:

Prob(corank M = 2k | M € Mat5> (F,)) = Prob(corank M =k | M € Mat,,(F,))
and
Prob(corank M = 2k +1 | M € Mat5,;, (F,)) = Prob(corank M =k | M € Mat,, x (n41)(Fy)).

Thus, these corank distributions can be directly derived from the uniform case results.

4.3. Symmetric case. Let ¢ be a prime power. Consider the space of symmetric matrices:
Mat¥™(F,) := {M € Mat,,(F,): M* = M}.
From [13], we have the corank distribution:
Prob(corank M =k | M € Mat})™(F,)) = (do Py ) (k),

where the transition matrix Py, is defined by:

g 1, if j=i+1,
- ¢t =gt i =1,
Pom(B.0) =91 _ =i ifj=i—1
0, otherwise.

The Markov chain Py, is irreducible, aperiodic, and reversible with stationary distribution:

oo

a(q) i
Toym(k) = =—/————, «alq) = 1-— .
sym (k) T -1 (9) i|:|1( q")

i odd

Theorem 17. Psyr, is Hilbert-Schmidt on (?(msym) with point spectrum:
op(Poym) = {£¢ " : k> 0} \ {-1}.
k

Proof. Similar to the approach in Theorem 6, the eigenvectors associated with eigenvalues +¢~" can
be expressed as linear combinations of 7, and {m,, o (£¢*) : i = 1,...,k}, with each eigenspace Vig—»
being 1-dimensional.

The key step is to prove the spectral decomposition:

éQ(Wsym) = <7Tsym> &b @ Viq_k'

k>1

This reduces to showing that if y € £?(msym) satisfies both p L eym and g L (eym o (£¢*)) for all
k> 1, then y = 0.
The orthogonality condition p L (msym o (¢*)) implies:

Z,u(i)(:l:l)iqki =0 forall k>1.
=0
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This decouples into two independent conditions:
S @)@ =0 and S u(2i+ 1)) =0.
i=0 i=0
Since p € £2(sym) is equivalent to > 5°  |u(i)|>¢"T1/2 < oo, we have:
S <oo and Y [u(2i+1)P(¢?)" < oo
i=0 i=0

Define the even and odd parts:
Heven = (,LL(O), ,LL(Q), s )7 Hodd = (“(1)7 /L(3), cee )

These satisfy floven; fload € £2(m) and are orthogonal to Or>1V(g2)-+ in ?%(7), where T is the stationary
distribution for the uniform case over Fg> with m = 0.
Similar to the proof of the Lemma 14, we conclude fieven, fload € (m). The condition p L meym

implies:
> (i) =0,
i=0
which forces proven = am = —pioaq for some a € C. Thus p € (7), where

7 = (m(0), —=m(0), m (1), —=m(1),...).

By self-duality of P.ym, the orthogonality i L (Tsym, Tsym © (£4") : k > 1) implies Poym - b = 1 Psym
maintains the same orthogonality. Thus pPsym € (7). Since () is not Puym-invariant, we must have
w=0. O

Corollary 18. The convergence rate is given by:

M= L O, neven

100 Paym — Tsymllto = 3 7 24 _n _on
i v ! (1122_(117)((2)_1)(] +O(q 2 )7 n Odda

with implicit constants are less than (a(q)~2 — 1)1/2.

Proof. The two dominant eigenvalues (excluding 1) are Ay = ¢~ and \_ = —¢~ 1.

approach in Corollary 7, we construct the corresponding eigenvectors:

Following the

1
Vi = Tgym — §(wsym oq) € Vy-1, v_:i=mTgmo(—q) € V_,-1.

Define the k-th moment of My as M (Tsym, k) := Y o Tsym(i)¢*". By induction, we obtain:
M (7sym,0) =1, M(Teym, 1) =2, M(7gym,2) =2+ 2q.
These yield the following inner products:
q—1
<V+7 V+>7rsym - o <V—7 V—>7Tsym =2+ 2q,
Then the spectral projections of §y are:

1 1
(d0)+ = q— 17+ (6o)- = m”~
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Observe that in (do)+ + (do)—, only the first coordinates is positive, while in (d9)+ — (d9)—, only the
first two coordinates are positive. Hence, the total variation norm of (d¢)+ + (—1)™(do)— is:

N 2;20‘_(‘{), n even,
[[(60)+ + (=1)"(d0) - [|tw = 2q0(q) ad
@-D(g-n» "o
Applying Theorem 11, we obtain the final convergence rate:
. 2535?(]’” +O(q™2), n even,
||50Psym - Wsym”tv = 2qa(q) -n O( _Qn) n odd
@011 ) ’
where the implicit constants are less than (a(q) =2 — 1)V/2. O

Remark 19. This improves Theorem 4.1 in [9], clarifying that the parity distinction arises from Pyyy,
1

having eigenvalue pairs +q~ .
4.4. Alternating case. Consider alternating (skew-symmetric) matrices:
Mat®*(F,) := {M € Mat,(F,) : MT = —M and M;; =0 for all i} .
As established in [9, 13], such matrices always have even rank. The corank distributions are given by:
Prob(corank M =2j+1| M € Matglrfﬂ) = (60 P3)(9),

Prob(corank M = 2j | M € Mati) = (6,Q™,)(4),
with transition matrices:

q74i73a ] :Z+]—7
Pan(i ) = =g P —(1-g?)(1—q ), j=1i,
a. b - 95 95 . .
(1_q 21)(1_(1 24 1)7 ]:Z_L
0, otherwise,
and
g, j=i+1,
T T L (e S (BT RO N R
a. b - 94 94 . .
(1_(] 27’)(1—(] 22+1)’ j =5—1,
0, otherwise.

The stationary distributions of Py (resp. Qait) is:

ol (o ola)
Walt(])_q%%ng‘ﬂ(cﬂ ( P TalJ) q2j2j772j(4)).

Theorem 20. P (resp. Qay) is Hilbert-Schmidt on (%(may) (resp. £2(mly,)) with point spectrum:
Jp(-Palt) = Up(Qalt) = {q_Qk : k Z 0}

Proof. Similar to the approach in Theorem 6, for Py, the eigenvectors corresponding to ¢~2% are
linear combinations of {ma; o (¢%') : 0 < i < k}. To complete the proof, it suffices to show that if
p € 0%(may) satisfies:

Z |,u(i)\2((]2)i2"'i/2 < oo and Z,u(i)(qQ)ki =0 forall k>1,
i=0

=0
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then p = 0. This follows directly from Lemma 14. The proof for Q. is analogous. O

Corollary 21. The convergence rates are:

20(q) -2 —4
SoPT — o llyy = D) =am (g4,
|| oda — T lt”t (q — 1)2(q T 1)(] (q )
S n ./ y = a(Q)q —2n + 9] —4n
|| OQalt 7Tath”t (q — 1)((] + 1)q (q )’

with implicit constants less than (n1(q)?a(q)~2 — 1)/ and (a(q)~2 — 1)Y/2 respectively.

Proof. Let us first analyze the case for P,;;. We begin by constructing the eigenvector associated with

the eigenvalue ¢—2:

V i= Talt — qqﬁ(ﬂ'alt og’) € Vy—2.
Furthermore, we observe that the following combination belongs to the eigenspace V,-:
(1+¢*) (1 + ¢ 1) (Tare — Tatg © ¢%) + Targ 0 ¢* € V.
Proceeding by induction, we establish the moments of the stationary distribution:
M (7o, 0) =1, M(ma,2) =1+¢"", M(ra,4)=1+¢)1+q g "
These moment calculations lead to two important results. First, the inner product of v with itself:

—1
<V7 V>7Talt = %

Second, the total variation norm of v:

_ __2a(q)
Illew = Gt

With these preparations, we can now determine the spectral projection of dg onto V--:
(%0)g>=9q "(a—1)7'v,
which consequently gives:
2
1Go)g=llew = =35y
Turning now to Qa1;, we follow a parallel approach. The corresponding eigenvector is:

V= — qﬁ(ﬂéh 0g’) € Vg2
Similarly, we identify an element in Vj-a:
Tate — (Tt ©4°) + s @D (Tak © q') € Vy-u.
The moment calculations for Q.1 yield:
M(ﬂ-;ltvo) = 1a M(ﬂ-;lt72) :q+17 M(ﬂ-ialtaél) = (Q+1)(q2+1)
From these, we derive the key quantities:

ro _ q(g=1) ’ _ a(9q
') 17" |w

Tate q+1 7

q+1 °
Finally, the spectral projection for Q. satisfies:

(0)g—2 = (g =17, [[(B0)g—2llew = ey

Then the desired results follows from Theorem 11. O
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4.5. Hermitian case. Let q be a power of an odd prime, and fix 6 € F,2 such that 0> € F,but 0 ¢ F,
(see [9]). Every element a € F,2 can be expressed as a = a + bf with a,b € F,, and we define its
conjugate as @ = a — bl.

For a matrix M = (oy;) € Mat,,(F,2), let M* = (@j;) denote its conjugate transpose. The space of
Hermitian matrices is:

Mat} " (F,2) := {M € Mat,,(Fz2) : M* = M}.
The corank distribution is given by:
Prob(corank M = k | M € Mat,, (Fy2)) = (80P, ) (k),

where the transition matrix Py, has entries:

g, J=1i+1,

—2i -1 S

(=g, J=1,
PHcr(laj)_ 1_q—2i7 j:i—l,
0, otherwise,

with stationary distribution:
. B(a) - .
e () = =25 Bl@)= [ (+a )"
¢’ ;(¢*) i=1, odd

Theorem 22. The operator Pier is Hilbert-Schmidt on (2 (THer) with point spectrum:
op(Prer) = {(—q) ™" : k > 0}.

Proof. Following the approach in Theorem 6, we need to verify:

2
e} N
. 1 / ki _
i S LIS g <o
i=1 k=0
I (=n* ; .
where b, = T (7D The proof decomposes into two cases:
00 N 2 o] N 2
. 1 / kil _ o 1 1 / ki
Jim el D= =0=lim >7 el PACH)
i=1,odd k=0 1=1,even k=0
For odd 1,
; >0, ifk=0,3mod4
sign(bl.(—q)*") is ’ ’
ek (=™ 55 9 0 k= 1.2 mod 4.

Using the ratio test:
(=™ | _ &
b, (—q)(+—Di 7" — (1)’

we establish convergence via alternating series estimates. Indeed, we have

SN T e ’ 1 AN
) 1 Nki 2(N+1)i
E e g by (—q) < DD E =4 —0as N — oo,
i=1,0dd k=N-+1 i=1,0dd
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=1 | 1
Z —5 Zbﬁc(—q)]” < — —0as N — oco.
i=Nt1,0ad & |k=0 q

The even ¢ case follows similarly.

Corollary 23. The convergence rate is:

26(q)

@t Da@? TOUT

||60P{Iler - 77Her||tv =

with implicit constant less than (8(q)~2 — 1)'/2.

Proof. The dominant eigenvector is:

Vi=THer ©(—q) € V_ g1

Combing with mge, — ﬁ(”Hcr 0q?) € V-2, we get the inner product (v, V). = ¢+1. Since v L e,
the total variation norm is:

. > )
[P _QZ\U 2j +1) |_22q<2j+1 )qzm Z

n2j+1(q? ) = (@*)*° +J772g+1(q )
Observe that ( . W‘W, . ) is the stationary distribution of P,y over Fg2. Hence,
25(q)

[vllew = m~

The spectral projection yields:

1 25(q)
(60) —g—1 = v, |[[(60)—g-1lltv = 7=
g+1"7 ! (¢ +1)a(q?)
Then the desired results follows from Theorem 11. O
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