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NEW OPTIMAL FUNCTION FIELD TOWERS OVER FINITE FIELDS OF
QUARTIC POWER

CHUANGQIANG HU AND XIUWU ZHU

ABSTRACT. We introduce two new types of towers of Drinfeld modular curves. These towers
originate from a specific domain A and are analogous to the towers of rank-two Drinfeld
modular curves over the polynomial ring. Specifically, the domain A corresponds to the
projective line over the finite field Fq, equipped with an infinite place of degree two. We select
an arbitrary non-zero principal A-ideal I, of degree two. Notably, the I-reduction of the
tower of minimal Drinfeld modular curves is asymptotically optimal over the finite field F .
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1. INTRODUCTION

1.1. Thara’s quantity. Let F, denote the finite field of cardinality ¢. Let I be a function field
over F, with genus ¢g(F). Estimating the number of rational places of F' is an important topic
in number theory and algebraic geometry. The Hasse-Weil bound [34] states that the number of
rational places of F satisfies the inequality

N(F) < q+1+2/qg(F).
An improved bound was obtained by Serre [28]:

N(F) <q+1+g(F)[2V4q].

A function field F/F, that achieves the Hasse-Weil bound is called maximal. For a comprehensive
overview, the interested reader is referred to [8,9,13, 19,20, 31] for standard examples, and to
[6,30] for recent progress on maximal curves.
To investigate the asymptotic behavior for function fields over Fy, Thara [26] introduced the
quantity
N(F
Thara(g) := limsup Q,
g(F)—o0 g(F)
where F ranges over the function fields over F,. Due to Serre’s lower bound [29] and the Drinfeld-
Vladut upper bound [11], it is now well-known that

0 < Ihara(q) < /g — 1.

In search of lower bounds for Thara(qg), researchers have invented various constructions of
function field towers over F,. Roughly speaking, a function field tower F, means a sequence of
successive inclusions

Fo Fi Fo F3 Fy EER

of function fields over F, with g(F,,) — oo when n — oc.
The limit

= lim N(Zn)
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certainly gives a lower bound of Thara(g). A function field tower F, is called asymptotically
good if A(F,) > 0 and called asymptotically optimal if A(F,) verifies the Drinfeld-Vladut bound.
Notice that it is not generally easy to construct good towers.

When ¢ is a square, a sharp lower bound for Thara’s quantity is established independently:
Ihara(q) > /g — 1 (hence Ihara(q) = /g — 1). Specifically, Thara [26] used families of Shimura
modular curves to derive this result, whereas Tsfasman, V1adut, and Zink [32] relied on families
of classical modular curves. A key limitation of both approaches, however, is that the modular
curves involved are not explicit. To address this lack of explicitness, Garcia and Stichtenoth [14]
later constructed an explicit optimal sequence of function fields over Fg:

{]:n = IE111(‘2717 c 71‘71)}

This tower is defined by a recursive condition on its variables x,,:

q
Tpn41 x
n+ + n+1 -1

xd T

In a subsequent work [15], they extended this line of research by introducing a second explicit
tower of function fields, governed by the recursive relation:
q _ T
:Cn+1 + Tn+1 x%_l 1 .
Later, Elkies [12] established a key connection: the function field towers (and their associated
curves) constructed by Garcia and Stichtenoth are in fact Drinfeld modular curves. This pattern
extends to other settings: well-performing function field constructions have also been shown
to arise from modular curves. Motivated by this, Elkies conjectured that all optimal recursive
towers must originate from some type of modular curve—though the exact formalization of this
claim remains non-trivial to specify. Independently, Gekeler [18] further confirmed the relevance
of Drinfeld modular curves by showing that certain families of these curves also achieve the
aforementioned lower bound (for IThara’s quantity).

When ¢ is not a square, the exact value of Thara(q) remains undetermined. Write ¢ = p
with m > 1. Bassa, Beelen, Garcia, and Stichtenoth [3] established a key lower bound:

m—+1
Thara(q) > 2(p — 1) .
p+1+(p-1)/(pm—1)
Notably, this bound is achieved by function field towers derived from Drinfeld modular curves
of rank 2m + 1. Subsequently, the work in [2] and its follow-up [10] built on this foundation.
These contributions extended the analysis and provided a precise modular description for each
function field in the towers.

2m—+1

1.2. Main results. In [4] and [5], Bassa et al. systematically studied good families of Drinfeld
modular curves. Roughly speaking, the points of the curve Xy(n) parametrize isomorphism
classes of pairs consisting of rank-two Drinfeld .A-modules together with an n-torsion, where the
domain A is derived from a smooth algebraic curve over F, associated with a marked place at
infinity. The modular curve x¢(n) is defined as any geometric component of Xo(n). Replacing
the full set of Drinfeld modules with normalized modules in the sense of Hayes’ notion [22], one
can construct the normalized Drinfeld modular curves Xo(n) in a similar manner. In particular,
when A = F[t], and n = (¢"), the resulting Drinfeld modular curves xo(n) and %q(n) coincide
with the curves considered by Elkies [12] after reduction at (¢t — 1).

In this paper, we construct the optimal families of Drinfeld modular curves following the
framework of Bassa et al. We focus on the domain A corresponding to the projective line over
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the finite field F; associated with an infinite place P, of degree two. One may show that the
domain A can be expressed as
A =Tyl yl/(y* — (C+(Day +(Ta® —z)
where ( is some element in F 2 \F,. Recall that [24] derived that the complete family of rank-two
normalized Drinfeld modules is described by ¢* and its Frobenius twist ¢7* with independent
variable A. Let I = (z,y) be an ideal of A. The main result in this paper is devoted to
computing the explicit expressions for the function field towers of modular curves with n = ..
Theorem A. Let HT =F,(t,(,v) be the narrow class field of A with the relation
1
(t =)t —¢)

The normalized modular curves xo(I%,) are represented by the function field tower

patt =

q+1

Fo Fi—= Fp —= Fy — Fi — |

where the number on the arrow denotes the extension degree. The function field Fy, is generated
by the variables \g,- - , A as follows.

(1) For k=0, Fo = H"()\g).

(2) For k=1, F = H"(\g, A1), where the defining equation of \g and A1 is given by
1—q _ 1 3

AN = ST s+ (1= = 6+ (- g =

(8) For k > 2, we obtain

]:k:]:l()\27'“ ;)\k):H+()\O;)‘17>\27"'7)\k)7

where the variables Mg, - - - >\k are subject to
q—1 ¥ 1—q\q+1)q—1
14 1-— )4 A . c—1 c—2 A1 — )\
Z ( C ) -2 ()\k_Azil)qfl_ng 70-7& k 1q 1k} 2)\(1 i _0
— Ak—1 = Mo Ak—2

Similarly, we obtain the modular curves for minimal models.

Theorem B. Let H be the class field of A. The minimal modular curves xo(I%)) of Drinfeld
A-modules are represented by the function field tower

Go Gi —— Go —— G —— Gy —
The function field Gy is generated by jo and w; for i =1,--- ,k in the following forms:
(1) For k = 0, go = H(jo)
(2) For k=1, G = H(jo,w1) = H(w1), and the inclusion Gy — Gy is represented by
1+ ¢ Ht—CDw
Jo = — g+1 ( 1— ),1 :
w4+ (L= ¢9) g

q+1

(8) Fork > 2, G, = H(wi,wa, ..., w), where w; satisfy the relations

;-.

q—

q
Wy_q v gt g—1

Z wk 1 k+1_gk (wkfl(t _C )) )

Pt — (€7 = Dwi—
and wk_l s given by

1
v
Wg_1 =

(T =) (T4 T (= (T )
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Now the optimal family of function field towers over the finite field Foa is derived from the
reduction of the family in Theorem B.

Theorem C. Let I, be a principal A-ideal generated by z, with degz, = 2. Let xo(IX)/I,
(k = 0) denote the I,-reduction of the minimal Drinfeld modular curves xo(I%). Then the genus
of xo(IX)) /L, is given by

k-1
q g+1 2 _ _
gro(1) /1) = 1+ T 2 gy ey
q—1 q—1
Consider xg (IfO)/L7 as defined over the constant field Fq = Fga. Then all the supersingular points
of these curves are Fq-rational. Moreover, the function field tower of xo (Iffo)/L7 is asymptotically
optimal.

1.3. Remarks. The approaches adopted in the paper are essentially the same as those in Elkies’
paper [12] (see [2,4,5,10] for further reading). We translate the information on primitive I -
torsions into isogeny relations between the k-th Frobenius twists of Drinfeld modules for £ > 0.
However, we shall emphasize that the isogeny formula presents the main difficulty in this work.
Our main technique is to describe explicitly the algebraic structure of I,,-annihilator qbf‘oo, which
is particularly studied in [24] with the help of Anderson motives.

It is remarkable that our Drinfeld modular tower also achieves Thara’s quantity. From Goppa’s
construction [21], good towers yield good linear error-correcting codes. By demonstrating that
long linear codes can surpass the Gilbert-Varshamov bound [31, Proposition 8.4.4], the celebrated
work of Tsfasman et al. [32] established a crucial connection between coding theory and Thara’s
quantity. Recursive good towers play an important role in the study of Thara’s quantity, coding
theory, and cryptography [1,7,23,25,33,35].

The paper is organized as follows. We introduce some necessary notations and results concern-
ing Drinfeld modules in Section 2. Section 3 is devoted to constructing the tower of normalized
Drinfeld module curves. Using this construction, we investigate the tower of minimal Drinfeld
modules in Section 4. In Section 5, we compute the genus and rational places of the I,-reduction
of the tower to estimate Thara’s quantity.

2. PRELIMINARIES

2.1. Galois groups and Hilbert fields. We briefly recall the necessary notations that will be
used in the remainder of this paper. Let P! be the projective line over F,. It is clear that the
function field of P! equals K = Fy(t). Let P, be a degree two place of K corresponding to the
monic irreducible polynomial p(t) = (t — ¢)(t — ¢?) € F,[t] for some element ¢ € Fp2 \ F,. We
view P, as the infinity of P! for the remainder of this paper. Denote by A the Dedekind domain
arising from P* — P,; that is

A= H°(Py — P, Op).

Notice that the quotient field of A recovers the function field K. Define the coordinates z,y of

A as
1 t

B0}

Then we know A is indeed the F,-algebra generated by z,y, that is
A =Tz, yl/(y* = (C+ ¢y + (TTa? —x).
From the class field theory for function fields, the Hilbert field of A is given by
H =Ty(t,¢) = Fe (T),
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where T' = y — Cx. The Galois group of H/K is isomorphic to C1(A) = Z/2 generated by

—¢7
o:(— (L.

In particular, o acts on T' by
- 1 1 T
T° := = = .
t—o(C?) t—=¢ 14T
Note that we always denote the action of o by a superscript to simplify the notation. Let
Ht =F,(t,(,v) = H(v), where v satisfies

-1
t—=Q@ =0
As shown in [24], HT is the narrow class field of K with respect to a sign function at P,. The
Galois group Gal(H"/K) is isomorphic to
2/22 xZ/(q+1)Z

pItl — _pato —

with generators o and M,,, where
c: (¢ v = Tl — _ 2 (1)
v
and for pdtt =1,
M, : (= v p.
We know the isomorphism C1*(A) = Gal(H*/K) is given by the Artin map of H* /K. One can

show that o is in fact the image of I,. In particular, since 12, = (z), we have o2 = Id.

2.2. Drinfeld A-modules. For a Dedekind domain A over F,, we define the norm |a| of an
element a € A to be the cardinality of A/(a). We define the degree of a € A to be deg(a) :=
log,(lal). Let L be an A-field, i.e., a field over I, equipped with an [F,-homomorphism ¢ : A — L.
The kernel of ¢ is called the A-characteristic of L. Let L{r} be the non-commutative polynomial
ring generated by ¢-Frobenius endomorphism 7 satisfying

Ta = alr,

for all @ € L. The non-commutative polynomial ring L{7} is usually called the twisted polynomial
ring over L.

Definition 2.1. We recall that the Drinfeld .A-module of rank (> 1) is defined as the morphism
¢: A— L{r}
of Fy-algebras such that the image ¢, of a € A is a twisted polynomial of 7-degree r deg(a).

In particular, when A is the Dedekind domain given in Section 2.1, we have deg(z) = deg(y) =
2. By definition, a rank-two Drinfeld A-module requires

deg, ¢p = deg, ¢y = 4.
Let LT 4(a) be the leading coefficient of ¢,. We call ¢ a normalized Drinfeld module (or a Hayes-
Drinfeld module) if LTy (x) = 1. It follows directly that LT (y)/ LT4(x) equals either ¢ or ¢9.
We call ¢ a (-type (resp. (?-type) Drinfeld A-module if LT 4(y)/ LT 4(z) equals ¢ (resp. ¢9).
Definition 2.2. Let ¢ and v be Drinfeld A-modules.
(1) We say A € L{r} is an isogeny from ¢ to ¢ (over L) if the equality
AQa = Pa)

holds for alla € A.
(2) In particular, if A € L*, we say ¢ is isomorphic to .



Obviously, any Drinfeld A-module is isomorphic to some normalized Drinfeld A-module.

2.3. Normalized model. The following theorem is one of the core results in [24], where detailed
discussions can be found.

Theorem 2.3. Let ¢* be the (9-type degree two normalized Drinfeld module parameterized by
A, defined over HT(X). Its expressions are as follows:
Gp = (T2 + a7 + 2= )(72 + a7 + VA1),
{¢y = (% + BT + ) (7 + ar + AT,
where the coefficients satisfy:
yToa—(a+o) CIN

RS VR ey
~ Toa—(a+o) A
B = -z 2 + ¢ )
CAd ¢—¢
M v
T a Ty

This module ¢* is complete, meaning that any C2-type rank-two normalized Drinfeld module over
L is isomorphic to ¢*° for some \g € L.
The isomorphism class of ¢* is determined by the j-invariant, namely
(@) = o
More precisely, the two Drinfeld modules of (?-type ¢* and ¢*2 are isomorphic if and only if
J(e™M) = j(¢).
Applying o to the coefficients of ¢* yields the (-type Drinfeld module (;5”9‘/ with the formal

variable A’ := \?. This is in fact the complete family of {-type normalized modules of rank two.
Moreover, applying o*, we have

b = {(b"?’\,, when k is odd;

v

’ .
o, when k is even.

Accordingly, the j-invariant of ¢ " is defined as
)\/q2+1

k

o7 ) =

2.4. Minimal model. In fact, the isomorphism class of rank-two Drinfeld .A-modules can be
represented by the minimal model ®7, which is parameterized by the j-invariant and defined
over the Hilbert class field of A. If we choose £ to be a root of £9=! = X4, then / is essentially an
isogeny from ®7 to ¢*.

I/U

Theorem 2.4. With the notations above, the complete family of (?-type Drinfeld A-modules of
rank two is represented as the minimal model ® (parameterized by j) in the following form:

O =0~ 1pMe

oq 5 rq+1o+
_ (_jq(q+1)T(o+q)q7_2 + (T 949 n jeT (1) T+x]>

¢ 1=

9 1 11 1
'(T*(l—cl—q%j)”j)’



and
i =1\
CIJ?JJ =/ ¢y€

qTo+4q59+1
= (_jq(q+1)T(6+q)q<qT2 + (ququUq ¢ J ) T+ yj)

1— (a1
) 1 11 1
() )

So any C9-type rank-two Drinfeld A-module is isomorphic to some ®7°.

Obviously, the smallest field of definition of ®7 is H(j) = F,(T, ¢, j). One may also obtain the
minimal model of ¢-type rank-two Drinfeld module ®+" parameterized by the formal variable
j' by applying the o-action on the coefficients of ®7. In the same manner, we adopt the symbol
®°"7" for the k-th o-action of .

2.5. Torsions. Let ¢ be a rank r Drinfeld A-module over the A-field L. Let I be an ideal of A.
Denote by ¢[I] the I-torsion of ¢, i.e., the intersection of all kernels ker ¢ for all f € I. Through
the Drinfeld module ¢, the I-torsion admits a natural .A-module structure. If the A-characteristic
of L is disjoint with I, then the A-module structure on ¢[I] is isomorphic to (A/I)®".

Definition 2.5. A primitive n-torsion of ¢ is an A-submodule of ¢[n] which is isomorphic to
A/n. We denote by Prim,(¢) the set collecting all the primitive n-torsion of ¢.

Definition 2.6. The maximal common monic right-divisor ¢; € L{r} of each ¢ for f € I is
called the annihilator of the ideal I.

It is trivial to check that the kernel of ¢; coincides with ¢[I]. Let I = (x,y) and [y =
(x — (7971 y). Note that the twisted polynomial 72 + a7 + vA?~! is the common right-divisor
of both ¢ and ¢;, we conclude that

Yy
gf)?‘m =72 far+vAh (2)

Lemma 2.7 (Equation (48) of [24]). Let ¢* be the (?-type normalized Drinfeld module introduced
above. Then the annihilator qzﬁf‘oo verifies the equality:
& = T+A()\)¢)\ T+ B
=" o C)

¢>\
where )
T )\

= ¢ ¢ AL, C(N) = ————.

T (= =1
Moreover, the annihilator qﬁ?‘o for the ideal Ij is also determined in [24]:
(1—¢r Yy AL

caTx T
We remark that the explicit formula of ¢* is indeed deduced from the expressions of qﬁ}\m and

;‘0 through technical computations. For the minimal model ®’, one may show that

. 1 11 1
Pl =72 it -
I =7 +<1—<1—q+<Tj>T+j

AN

A, B(\) =

o7, =7+

and

. 1 1 1 1
o) =72 1) -
=T +<1—<1—q+<qu>T+<ch+ )j
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2.6. Modular curves. Let A temporarily be a Dedekind domain with quotient field K. For
a congruence subgroup I' of GLy(A), the quotient of the Drinfeld upper plane by I' classifies
isomorphism classes of Drinfeld modules equipped with some ”level structure”. These quotients
are the analogs of various modular curves classifying elliptic curves.

For a nonzero ideal n € A, Gekeler investigates in [16] (among other things) the Drinfeld
modular curve Yy (n), defined as the Drinfeld upper space modulo the arithmetic subgroup

To(n) ;:{(‘C‘ Z)eGLg(A)‘CEO modn}.

The points on the curve Yy(n) parametrize isomorphism classes of pairs of Drinfeld .A-modules
of rank two together with a primitive n-torsion.

Adding so-called cusps to Yp(n) gives a projective algebraic curve Xg(n) defined over K that
in general however will not be absolutely irreducible. Indeed, the irreducible components are in
one-to-one correspondence with the class group CI(A) of A. It is straightforward to see that the
absolutely irreducible components of Xy(n) are mutually isomorphic by considering the action
of Cl(A). We will denote by xo(n) an absolutely irreducible component of Xy(n). The cusps are
distributed equally among the absolutely irreducible components of Xy(n). In particular, there
exist exactly | C1(\A)| cusps on the modular curve x¢(1).

To simplify notation, we use the informal definition of the absolutely irreducible component
of Xo(n) as follows.

Definition 2.8. Let G and H be corresponding n-torsion of Drinfeld modules ¢ and ¢ respec-
tively. We say that the pair (¢, G) is equivalent to (1, H), if there exists an isogeny A € L{r}
from ¢ to 1 such that A\G = H.

Definition 2.9 (Minimal Modular Curve). We formally define the (¢?-type) modular curve xq(n)
as the algebraic curve that parametrizes the pairs (¢, G) modulo the equivalence in Definition
2.8, where ¢ denotes the (%-type Drinfeld .A-modules and G denotes a primitive n-torsion of ¢.

Analogously, we restrict the Drinfeld modules to be normalized, then we obtain the similar
concept of modular curve:

Definition 2.10 (Normalized modular curve). The (¢?-type) normalized modular curve xq(n) is
an algebraic curve parametrizing the pairs (¢, G), where ¢ denotes a (9-type normalized Drinfeld
A-modules and G denotes a primitive n-torsion of ¢.

In particular, we choose n to be of the form I fo with k > 1. Then there are exactly
| Primy (¢)] = (¢ +1)¢" " (3)
distinct choices of primitive I% -torsion of ¢. For a primitive I+ !-torsion G of ¢, we know
Lo G i={6u(wlp € G,z € I}

forms a primitive I% -torsion. Since a geometric point of xo(I5F!) is represented by the pair
(¢, G), the map (¢, G) — (¢, I - G) induces a covering morphism from xo(I5+1) to xo(I%)). So
the covering degree of xo(I%+!) over x((I%) is given by

(xo(I5) : xo(1L)]

_ [Primpn O _ Jg+1, when k =0,
N | Primyx (9)] R when k > 1.

This formula coincides with degrees displayed in Theorem B.



3. NORMALIZED DRINFELD MODULAR TOWER

We wish to construct the normalized Drinfeld modular tower in this section. We begin with
the construction of isogeny
T —uy: N = 7N

for the normalized Drinfeld A-modules.
3.1. Isogeny formula. Suppose that 1 € ¢*°[I], namely
$2°(pn) =0 and  ¢)°(m) = 0.
Since the twisted polynomial QS}\:C (see Equation (2)) is the annihilator of I, we have
10 (1) = (7 + ar +vAT) () = 0.
Let u; = ,u‘ffl. Then u; satisfies the equality

q2
£ (uy) == w4 < A

v .
1—¢lma +CT)\0>U1+V/\8 f=o0. (4)

Since 7 — u; is a right-divisor of ¢} and ¢;‘07 we know that 7 — u; is an isogeny from ¢*° to
some Drinfeld module of (-type, say ¢, That is
(7 —u1)d3" = ¢7 ™M (1 — 1)
for all a € A. The following lemma determines the value of ;.
Lemma 3.1. Let ¢*° and ¢7™M : A — L{r} denote the normalized Drinfeld A-modules of (9-
type and -type respectively. Suppose that €20 (uy) = 0. Then T — uy is an isogeny from ¢™° to

¢7M | where
Al = )\g — (qul - 1)’&1 (5)

Proof. Without loss of generality, we may assume that L is a perfect field extension over Fy(t, {)
containing both A\g and A\;. We define
V = {(a,b) € L{7}?| deg,(ag)" + bp,°) < 3,deg, (a) < 2,deg, (b) < 2}.

It is clear that V is a three-dimensional L-vector space and contains the following three vectors
by Lemma 2.7:

er = (1,—-¢7),
oy — (7’ +A(No) (T + B(A0)>
C(Xo) ' C(Mo) 7
- <7’—|—A(/\0) _CT—I—B()\O)) |
C(ho) ’ C (o)

Since eq, es, e3 are linearly independent, they form an L-basis of V.
By the (-type version of Lemma 2.7, we have

o1 _ <T+A(A1)>U¢a;)\1 . (CT+ B()‘l))aasa;)\l
Teo C(\) Y C(\) v
By assumption, 7 — u; is an isogeny, we have

() = (TEEO0 ) g - () )

e I e s
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::vl¢2‘° + 112(;520.

It yields that the pair v = (v1,v2) € L{r}? satisfies the required condition of V. Then there
exist some coefficients ¢1,to,t3 € L, such that

v =tie; + laes + t3€3,

(o) e (FE) o)
7+ A(Ao) (TJrB()\O))'
C(ho) C(Xo)

We now compare the coefficients of 7'-terms for i = 0, 1,2 in the above equation, proceeding
as follows.

namely,

= (h + (tg + t37) , —Cty — (t2 +t37) (6)

(1) By comparing the 72-terms of (6), we have

1 <N ) _
(Ga G = 1500 101000 ).
This is equivalent to
t3 = C()\O)qc()\l)fo'.

(2) Coeficients of the 7-terms in (6) yield that

(_u%+mma uf mmw

CO T OO0 T OOy
b t3A()T 1 t3B(A)
_ (C + 3 0 3 0 ) )

(M) C(A)? 7 C(h)  C(ho)e
C(Ao)?

Substituting t3 = cOm)® into the above equality, equating the first coordinates yields
C(Xo)
= AN —u? — A(N)?
2 C()\l)"( (A1)7 —uf — A(Ao)?),
while equating the second coordinates yields
C(Mo)
to = —B(M\)? —C°ul + B(A\1)7).
2 CC()\l)U( ( 0) C ’LL1+ ( 1) )

Equating these two expressions for ¢, implies
C(A(A)7 —uf — A(No)?) = —B(Xo)? — (“uf + B(\1)7,
or equivalently,
N =N = (177 = 1yl
Since L is perfect, taking the g-th root of both sides gives
A=A = (¢ = Dy,
(3) From the constant terms of (6), it follows
<_ A(N1)7uy ’ B()\l)a’m) _ (tl il A(No)
Ca)7 7 C(n)° C(Ao)
Equating the first coordinates, we obtain
A(M)%uq 4 A(No)
C(a)? C(Xo)

,—Cly —to

BO\O))
C(ho) /"

t, =—
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:ﬁ (A 7w — AXo)A(M)7 + A(No)u? + A(Xg)* ™).

Equating the second coordinates, we obtain
B()\l)"ul " B()\())

he CiIC(M)T  2C(ho)
= ety (¢ B I+ BOO + Bl ut ~ Bw)B()?).
Hence, we get
- __AM)Tu
t2 - 0, tl = C(Al)o' .

In conclusion, the isogeny relation between ¢ and ¢ is
A =M= (¢ = Dy,
O
3.2. Description of the primitive torsions. We recall the useful lemma in [27, Lemma 3.1.5].

Lemma 3.2. Let W be an n-dimensional F,-vector space of K, then there exists a unique monic
twisted polynomial w of T-degree n such that W = ker w.

If W is identical to a I7.-torsion G, of Drinfeld module ¢, we obtain a stronger form for w.

Lemma 3.3. Given a primitive 17 -torsion G, of Drinfeld module ¢, there is a sequence of

nonzero elements uy, us, ..., u, in K such that G, is represented as the kernel of the twisted
polynomial

Wn = (T =) - (T — u2) (7 — uy). (7
Proof. Fix an integer n > 0, and set G; = I';"*G,, for i = 0,1,...,n. We obtain the sequence

0=GoCG1 CG2CG3C - CGy.

Since G,, is primitive, there is no doubt that G; is a primitive I’ -torsion of ¢. We know from
Lemma 3.2 that G; is given by the kernel of some twisted polynomial w;. In particular, wy = 1.
Since G; € Gj+1, we know w; is a right-divisor of w; 41, i.e.,

wi+1 = (T — ui+1)wi.

Therefore, we have the expression (7). O
Indeed, the variables wuq, ..., u, can be expressed by the basis of G,,. Let us fix the primitive
17 -torsion G,, of a Drinfeld A-module ¢. By Lemma 3.3, we know there exist uq,...,u,, such

that
G, = kerw,, = ker(1 — uy) -+ (7 — ua) (7 — uq). (8)

Suppose that aq,...,«q, is the basis of G,, such that «; is contained in G; \ G;—;. Then «;
satisfies

wi(a;) = (1 — u)wi—1(a;) =0
and
wi—1(a;) # 0.
This implies that
w; = wi_1 (o)L (9)
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3.3. Iterative formula of isogeny. Let u;, a;,w; be defined as above associated to the primitive
I.-torsion G, of the (?-type normalized Drinfeld module ¢*o.

Lemma 3.4. Maintain the notations above. Suppose that N\, with 1 < k < n is defined by the
iterative formula

k k—1
Ae=AN_ = (C"77 = Dug. (10)
Then
AP VA
1. (wr—1(ak)) =0, (11)
or equivalently, ux and \p_1 satisfy
)\q2 Vo_k—l
a_kfl;)\ -~ L +1 k—1 o_lc—l —1 _
3 M (uk) = “Z + <1 — qu—1,qk + qu—lTUk—1)\k1> uk tv )\iq =0. (12)

Moreover, the twisted polynomial wy, represents an isogeny from ¢ to qS”k?)"C, namely,
wkqb)‘o = (bgk;)\kwk. (13)

Proof. For the case k = 1, the equality (11) just says that oy is contained in G, which has been
investigated in Section 3.1. Since u; = wp(a)?™ ! = 0/1171, we know from Section 3.1 that u;
and \g automatically satisfy Equation (4), i.e., £*(u;) = 0. Equation (13) with k& = 1 has been
shown in Lemma 3.1.
Moreover, we can deduce the equivalence of (11) and (12) by the equality (9) for each k < n.
Next, we assume by induction that the lemma is valid for 1 < k < ¢. It suffices to prove the
case k = i + 1. By defintion, G, is a primitive I’;1-torsion of ¢*. For z € I, we have

$2°Gip1 C Gi. (14)

From Equation (8), it yields that ¢2°(c;11) is always annihilated by w;. Equation (13) with
k = i implies that

0= wi(dX(ais1)) = 67 M (wiaipr) for all z € I, (15)
Note that ¢;__ is the annihilator of ideal I,. Thus, (15) is equivalent to

T M (Wi = 0.
This verifies the Equation (11) with k =4+ 1.
On the other hand, applying the k-th o-action in Lemma 3.1, the relation of A; and ;11 gives

that
i+l

(r— u¢+1)¢gi;)"' =¢7 YT —uiq). (16)

Therefore,
Wir1 ¢ =(T — w1 )i
=(T — ui1)8° M
:gb”iﬂ”\i“(T —ujy1)w; By (16)
i1y

=¢7  Twig.

The equality holds for k =i+ 1. O
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3.4. Restrictions on primitive I'l!-torsion. Next, we need to derive the restriction on the
variables u;;1 from the information on G, a primitive I:!-torsion of ¢*0. In our assumption,
Gi+1 shall be a primitive I'71-torsion. It splits into two conditions:
(1) For z € I, $2°(Gi11) is contained in G, i.e., Equation (15) holds;
(2) ¢2°(Giy1) is not always contained in G;_1.
From the proof of lemma 3.4, we know the first condition is equivalent to

€7 (i) = 0.
The second condition requires that ¢2°(a;41) is not always annihilated by w;_1. Equivalently,
“Lin

o7, T wica(aign) #0. (17)
The equality (11) with k¥ = ¢ — 1 says that w;_1(;) is annihilated by ¢(I’:1;)‘i’1. This yields that
“Lin

. In fact, we obtain the decomposition

577 = () (7 ),

oo

(7 — u;) is a right-divisor of (ﬁw

q—1
where uY := “—2=L_ Thus, the left hand side of (17) equals

Lt) VI
o7, “Trwimi(@inn) = (7w ) (T = wg) (wica (@ita))
= (7 =) (wilait))
= wi(@i1) - (uigr — ).
Since w;(ai+1) # 0, Equation (17) is the same as u;1 # uY . From the argument above, we see
that u;; 1 = uY must be a root of €7 (u;41). ‘
Indeed, it is straightforward to check that polynomial £7 % (ui4+1) admits a decomposition

50";Ai (uip1) = g%l“\’i (tiy1) - (Ui+1 - Uzv) ’

where
gt )\q OJ" kl
EV (Ui-i-l) :1 — §(1—Q)q TU N Cq + Z 1+1
VLA K +Z ulzs. (18)

vo TN
In conclusion, the two conditions on G;41 together are equlvalent to
%i;/\i (uit1) = 0.
3.5. Proof of Theorem A. Now we are able to state the proof of Theorem A.

Proof of Theorem A. For the case k = 0, the theorem just says that )y represents the complete
family of (9-type normalized A-Drinfeld module, which has been investigated in Theorem 2.3.
For k > 1, from the definition of Drinfeld modular curves, it suffices to show that Ag,..., Ag
is in one-to-one correspondence with primitive I* -torsions of ¢*o.
The case k = 1 can be easily checked that (Ag,u1) corresponds to the primitive I.-torsion

G1 = ker(7 — uq)
where u; verifies €20 (u1) = 0. Indicated by Equation (5), we choose transformation:
A =N
qul _

U =
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Substituting u; into €0 it yields that
A=A
A 0 L
& (cql 1) -0

1—q _ 1 leq -1
et g Ty (S et et ) et 2,
1 0M Th 1+ T + (¢ ) 0
So (Mg, A1) is in one-to-one correspondence with primitive I-torsion.

Next, we assume that k > 2. Given the primitive I -torsion G}, we construct u;, \; as above.
In Section 3.4, we have realized that it is equivalent to

ie.,

a5\

v (uiv1) =0, (19)
for i =0,...,k — 1. It follows from the equality (10) of Lemma 3.4 that
A = A
Witk = g =g
and
A?—l = A
U = ———————.
Cqm_qz 1 _ 1
Combining these with Equation (19), we have
ot -1 Vgi (AZ - )‘g—l)
&5 7 (uig1) = =X\ el
=1 [ si=1yq—1 1-qyg+1\ °
v NS (-
! Xix1 — ADHI75 = 0. 20
Conversely, we can reconstruct the I’ -primitive torsions G; through \; as follows:
G; = ker(w;)
— k& Ai — )‘(iz—l i1 — )‘li]—Z A1 — )‘g
TR\T T ¢(=q)q’=2 TT1C (A=q)q=3 ) " TT1Z ¢(=g)q!
where A, ..., \; verifies the recursive condition (20). O

4. MINIMAL DRINFELD MODULAR TOWER

4.1. The modular curve xy(I/). We start with a minimal Drinfeld module ®/° parameterized
by the j-invariant jo. We know from Section 2.4 that a (¢ — 1)-th root of A} gives an isogeny
from ®7° to ¢, where )\ satisfies

2
Ag +1

o= 92 . 21
Jo > (21)
Suppose that §; # 0 is contaiped in ®°[I], ie., (I)JI(; (81) = 0. Then the space Gy := Fyf1
is a primitive I..-torsion of ®7°. From the isogeny {y, we find that the element aq := £yf3; is

annihilated by ¢r__, and hence
B = 157 B . (22)

Substituting the expression (2), we obtain

; 1 11 1
pJo =T2—|—< _|_.>7—_|_'. 23
T 1—¢l=a (T jo Jo (23)
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This equality can also be deduced from the expression of ®7°, as <I>]I‘;O is exactly the right-divisor
of both ®7° and ®J°.
Take w; = B97". Then applying (23) yields that

L—¢=a " (Tjo jo B
Since G can be expressed as ker(r —wq), we find that the function field of the modular curve
x0(Iso) is H(jo,w1), where jo, w1 are subject to (24). Furthermore, from the equation (24), the
j-invariant of ®J° is determined by w; of the form
(LT (71 -1)(A+ ¢ )

S T B A (R T (#)

Thus the function field of the modular curve xo(I) is rational and is generated by w;.

) 1 11 1 1 _;
EJO (U}l) = wgﬂ + ( + ) w1 + - = 7‘1)'}20 (ﬁl) =0. (24)

4.2. Isogeny formula for minimal Drinfeld modules. In the rest, we always assume that
wy and jo satisfy the equality (25). We have seen that the isogeny relation

(1 —u1)¢™ = 7™M (T — uy) (26)

is essential in the construction of normalized Drinfeld modular tower. We now derive the analo-
gous relation for ®J°.

Lemma 4.1. Suppose that wy is a oot of the equation Z7°(wy) = 0. Let &; be a (¢ — 1)-th root
of the constant (1 — (¢*~9 — 1)w)~1. Then the twisted polynomial

Ql = (51(7‘ — U}l)
represents an isogeny from ®J° to ®7I1 where j; is determined by
2
A=TGE 4 (1= ¢ )" (27)
=T7H ¢ 1) (T4 (1= ¢ Hwy) (T +¢79). (28)
Proof. Let ¢*° and ¢°* be the same notation as in Equation (26). Let £y be a (¢ — 1)-th root
of \{; and £ a (q — 1)-th root of A{. Let j; be the j-invariant of ¢7*1, i.e.,
)\q2+1
=
v
We obtain the diagram of square consisting of isogenies:

(b/\o T ¢U;>\1

ZOT 511\ (29)

Pjo —_y POt
As in Section 4.1, we choose 31 to be a (¢ — 1)-th root of w;. Note that 31 € ®/°[I], and
a; = (B is then contained in the I.-torsion of ¢*o. By the assumption u; = o/fﬁl and
wy = A7, we obtain

wlﬂg_l = uy.
From the diagram (29), the isogeny from ®7° to &1 can be written as
Ql = 51_1(7' — u1)€0 = Kl_lfg(T — ’LUl) = 51(7’ — wl),
where 6; = ¢7 '43. Indeed, this can be checked directly:
01 (7’ — wl)@jf’ = 51_1(7' - Ul)QSAOEO By (22)
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=417 (1 —w1)ty By (26)
= @717 (7 —up)ly  Analogous to (22)
= 79T (1 — wy)
= ®701 5, (1 — wy).
Next, we need to compute ¢; and j;. From the relation
M=M= =Dy =A (1= (¢ = Dwy)

we have 1
I = (Lge )T = AN = . (30)
1 0*1 0 "1 1+(1_<1,q)wg
It follows from the expression v in (1) that
2
. 2 FL 1 _ 24
=t = A = Yw))]
2
Tq—l)\‘](q +1) B 2,
B
1. _ 241
=T (14 (1= ¢ M) T,
where we apply Equation (21) in the last equality. So the equality (27) is valid.
Set wy = (¢!77 —1)71(1 + ¢ 'T'w;)~t. From Equation (25), we have
ot 1 .
wYw,  (1+ (1= ufw - wf 7
Substituting this into the expression (27), we have
2
jl — TQ—ljg (1 + (1 _ Cq_l)w1)q +1
2
(el ) (= hm) gy
()
L (1= ¢’ wiwy’
T (14 (1= ¢ )
(wlwlv)q
=T7HC = 1) (14 (1= ¢ Hwn) (T "+ ¢79).
This is exactly the equality (28). O
4.3. Restrictions on primitive I’ -torsion. To show the case n > 2 of Theorem B, it is essen-
tial to choose coordinates wy, ..., w, to parametrize the primitive I -torsions of ®/°. Suppose
that the elements 31, B2, ..., 3, span a primitive I -torsion of ®/°. Without loss of generality,

we assume that 3y € ®[IE]\ ®o[[E1] for 1 < k < n. We define recursively the twisted
polynomial Q, with 0 < k < n as follows. We set g = 1 and

Qi = 0 (T — wi) Qp—1 (31)
where
wy = Q1 (Br) 1, (32)
and J, is a (¢ — 1)-th root of
(4 (= ¢ )
It is straightforward to show that
Qi = 0k(T — wy) -+~ Io (7 — w2) 01 (7 — wy) (33)
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== (51(52 e 6k((5152 ce 5k,1)q_17 — wk) L ((5261)(1_17' — wg)(é‘f_lT — wg)(T — wl). (34)
Adopting a similar proof as in Lemma 3.4, we have the following lemma.

Lemma 4.2. Maintain the notations above. Then
(1) The elements By, Pa, ..., Pk are annihilated by Q.

k

(2) The element Q1 (Br) is annihilated by @?mil;j’“’l, and thus

g i = <T - ) (1 — wy). (35)

Wk Jr—1

(8) The twisted polynomial 8 (T — wg) s an isogeny from o 5k to & in | where jr are
recursively defined as

= dn(w) =T (=) (14 (0= ¢ ) (07w T4 ). (36)

(4) The twisted polynomial Q. is indeed an isogeny from ®° to P i,

For 1 < k < n — 1, the restriction on Sy is that for z € I,

L (Br41) € (Bry-- - Br) (37)
and there exists some zg such that
DL (Br+1) & (Bry -+ Br—1)- (38)
From Lemma 4.2, the condition (37) is equivalent to
0= QP (Biy1) = B 7+ (U(Bry)) (39)

for all z € I.. Applying o¥ to (23), we know the annihilator of the ideal I, is given by

e 1 11 1
(I)Ioovjk = 7'2 + (1 — qu,qkdrl + quT"’k M) T+ jik

Define the polynomial Zoiik (wg+1) in the variable w41 as

I 1 1 L ! :
=0 ik (wk—i-l) = wZil + (1 _ qu_qk+1 + quTUk ]k) W1 + ]*k

where jj is subject to Equation (36). Recall that wg1 = Qk(Br41)7" 1, we derive that (39) (resp.
(37)) is equivalent to

k..
wep) = D7 7 (U (Bry1))
bt Qk(Br+1)

On the other hand, Lemma 4.2 and the condition (38) yield that for z € I,

. k—1. .

Q1B (Brp1) = B I (U1 (Brpr))
does not always vanish. Thus, we derive the inequality
okl

0# @7 7 (U-1(Brs1)) - (40)

Applying the decomposition (35) we get

7 (O (Brn)) = ( -

k..
=0 ;]k(
=

1

Jk—1Wk

) (v w00) (Vs (Bisn))

L 5!
=697 - Ok (7 — wr) (Qe—1(Br+1))

Jk—1Wk
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The inequality (40) yields that wgi1 # wy , where

-1
v of
w k

kT .
Jk—1Wk

From the equality

"y 1 1 1 1
="k () = w4 ( + ) wy, + =0,

Gt NS A Jk—1
we get
. (qu—liqk _ 1) (U}k/Ciqk—lTia_k—l 4 1)
Jk—1 = (1 _ qu—l_qk) wz-&-l twr .
> 5 1
v k

T (G 1) (T 1)

Remember that w41 = wy must be a special root of =0t (wg+1) = 0. There must be a
decomposition

Wy

Wit1) = E¢ 7 (wt1) (W1 — wy)
o*idk

for some polynomial 2, 7* (wy1). It is straightforward to show that

'—Uk§jk(

—
—

1

k. wi wy 7SS o e
=0 gk _ T,,d—1
oy (wk:+1> - 1_ (ququfl — ]-)wk <T0k1> + ZE:O(’U)]C ) U)k+1.

In conclusion, we understand that the restrictions (37) and (38) on f4+1 reduce to the equality
k..
EUV A (wk+1) =0.
4.4. Proof of Theorem B. The case n = 0 of Theorem B is the restatement of 2.4. In Section
4.1, we have proved the case n = 1.

Proof of Theorem B. Assume that a primitive I -torsion of ®% is spanned by f,...,3,. Let
w1, ..., w, be the variables associated to Si,---,8, as in Equation (32). We conclude from
Section 4.1 that w; satisfies the equation

290 (wy) = 0.
For k=2,...,n—1, Section 4.3 implies that wy satisfies
k—1, .
E% 7Jk_l(wk) =0.
Conversely, given wy, ..., w,, the corresponding primitive I”-torsion of ®7° is written as
ker Qk = ker(((5162 s 5}671)(1—17 — wk) s (((5251)‘1_17' - w3)(5‘11_17' - ’11}2)(7' — wl),

where
5t = ! :
k 1+ (1—¢a =" )]
This establishes the one-to-one correspondence between the parameters w; and the set of primi-
tive I -torsions of ®7°. O
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5. REDUCTION OF MODULAR CURVES

5.1. Genus formula. In this section, we briefly recall the genus formula established by Bassa-
Beelen-Nguyen [5] based on the results of [17]. For this aim we temporarily reset A to be a
Dedekind domain arising from a general smooth curve over F; associated with a unique infinity.
Let 6 be the degree of the infinity.

Notation 5.1. Let n C A be an ideal and suppose that n = p™ - - - p”= for prime ideals py, ..., ps
and positive integers rq,...,rs. Writing ¢; := |p;|, we define

Hq Hai+1)

and
S

”(n):H< Ln/2JJr i Lri/2]— 1)

=1

where |r| denotes the integral part of a real number 7.

Theorem 5.2 (Theorem 3.1 of [5]). Let A,n be as in Notation 5.1. Let xo(n) be the minimal
modular curve associated with A. Denote by Pk (t) the L-polynomial of the quotient field K of
A. Then the genus of xo(n) is given by
(¢° = De(m)Px(q) Px(1)d -1
g(xg(n)) =1+ — (k(n)+2°7 (¢ — 2)) + A,
where A = —Py(—1)25"1q/(q+1) if § is odd and all prime divisors of n are of even degree; and
A =0 otherwise.

We now return to our main setting on A and choose n = I% . Then the degree of infinity
equals 0 = deg P, = 2. It is obvious that Px = 1 since K is rational. From Notation 5.1, we
have s =1, |I| = ¢,

em) =¢""'(qg+1)

and
k(n) = qtk/% + qk*Lk/2J*1_

Substituting these quantities into Theorem 5.2, we have

B e(n) 2
g(xo(n)) =1+ -1 ¢-1 (k(n) +q—2)
k—1
" Hg+1) 2 \k/2] | k—|k/2]—1
=—1 — . —-1). 41
M— 1 (¢ +4q ) (41)

In particular, for £ = 1, we have g(xzo(n)) = 0. This coincides with the fact that xo(I) is
rational.

5.2. Supersingular points. For n € F2 \ ({¢,(?} UF,), we define

L t=n)t—n)

T =0 -1¢9)
(T — ¢ — (Nt Tt — ot
- ERS !
=t = ¢ Nz — (n+n?! - (- (Ny+ 1.
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It is clear that z, is an element of A of degree two. Denote by I, the ideal of A generated by
zy. The Drinfeld A-module ®7 has a good reduction at I,,. Let us denote the I,-reduction of @’
by ®’/. More precisely, the F;-homomorphism

1 1
(n—=C)(n—¢a n—=¢)(n—¢9)
defines an A-field with characteristic I,,. Substituting ¢ = 7 into both ®J and ®J, we obtain the
Drinfeld \A-module ®7 over F 2 with expressions

A—=Fp:z— ),y»—>(

=i qu(qﬂ) 2 ( 44 qu > _ j >
‘I”((nq—cq)(n—cq) - " T om-0un-0) T w-om-w
~<72+< ! +”_Cq1>r+1>
ot j)Ti)
and

=i —jala+)ca 2 ji¢T ¢ajatt . in
((nqu)(an) *(cchq) (1Cq1)(nq<)(né)) +(17€)(?7<q))

2 1 n—¢1\ 1
(o (e ) )

We determine the supersingular condition for ®/ in the following lemma.

Y

Lemma 5.3. The (?-type Drinfeld A-module ® over Fg2 is supersingular, if and only if j is
contained in Fp2 and satisfies

+1
<j+c77__ch)q L=y, (42)

Proof. 1t is straightforward to check that
— a1 s iy
L =" =)L = (4! == ()P +1

)
= —jq(q+1)T4 + 1_]741_(1 (—jq2 +]) 73

j o
n ((1—4 1) - n%) )

This implies that ®7 is supersingular if and only if

. q+1
J -1 _ —1 _ =a\(p — p9) —
<1_C1_q+?7< 1) - - ) =0
The last equality can be simplified to (42). Moreover, all such j are contained in F. O

In a similar manner, we define xo(I%)/I, to be the I,-reduction of the modular curve xo(1%)
for each k£ > 0. The following result is a consequence of Theorem B.

Corollary 5.4. The function field G, of XO(IC’fo)/I,7 is given by Fg2(jo,wr, -+ ,wy), where
Jo, w1, -+ ,wy are subject to

1 —C71 1
w’f“—x—( L C)w1+.:0, (43)

11—l ¢ Jo Jo
and .
q— q
Y Ni i Wy _q v k1 41
D e e vl COIUEI S B (44)

i=0
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Notice that here wkv_1 s given by
1
(€7 =0 = 1)(1 479" (n — ¢ wi-1)
In particular, the function field Gy of xo(1)/I,, is Fy2[j]. We already known that the supersin-
gular points of xo(1)/1I,, are precisely I 2-rational and satisfy the equality (42) by Lemma 5.3.

From Lemma 4.1, we know 41 (7 —w1) is an isogeny from ®Jo to another (-type Drinfeld module
®7J1 where j; is the j-invariant satisfies

v o _
Wi_1 =

J :jg;:i (1 (1—4(1*1)w1)q2“. (45)

It is clear that ®71 is also supersingular. Applying the same argument as in Lemma 5.3 to
71 yields that j; is also contained in F2. It follows from (45) that

2
g1 q4—1_ jlnq_<>q 71_
(14 (1 =¢" Hwr) (jg — L.
This implies that (1 + (1 — ¢?7')wy) lies in Fy4, and so does wy. Therefore, we understand
that when jo verifies (42), all the solutions w; of (43) for are contained in F 4 and are distinct.
Proceeding with the same procedure, we find that for given coordinates jo, w1, -+, wi—1 € Fga,
the solutions wy, of (44) form a subset of F 4 with cardinality g. Hence following lemma follows.

Lemma 5.5. The supersingular points of the modular curves XO(Ifo)/In are [Fga-rational and
their cardinality is (g + 1)%¢* 1.

5.3. Proof of Theorem C. The proof of Theorem C relies on Lemma 5.5 and the equality
given in (41). We elaborate on the details below.

Proof. Let F 4G, denote the function field of xo(I%))/1,, over the finite field F 4. We know the
genus of a curve is invariant under taking reduction and constant field extension. So the genus
g(F,4Gk) of F 4Gy is given by (41). From Lemma 5.5, the cardinality N (F,«Gy) of the F 4-rational
points on xo(I%) /I, is greater than (q + 1)2¢*~1.
We obtain that N(EGr)
5 : q* Yk 2

A(F,4Gr) khﬁngo o(F,:Gr) >q° —1. (46)
Since the upper bound of Thara’s quantity over Fya is (¢? — 1), we know that the equality of (46)
holds. In other words, the function field tower {F,:Gy} is optimal. O
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