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ABSTRACT. Let E be an elliptic curve defined over Q with complex multiplication by an imaginary
quadratic field K, and let p be a prime that splits in K. Let L(FE,s) denote the complex L-series of F
over QQ, which is a holomorphic function of s on the whole complex plane, according to a theorem of
Deuring. In this paper, we assume that L(E, s) has a simple zero at s = 1, and that E has good ordinary
reduction at p when p = 2. We show that the p-part of the refined Birch-Swinnerton-Dyer formula for E
holds. We present two applications of this result: (1) Based on recent progress on the 2-converse theorem
for rational elliptic curves, we show that if the Za-corank of the 2-power Selmer group of F is one, and
E has good ordinary reduction at 2, then the 2-part of the refined Birch-Swinnerton-Dyer formula for
E holds; (2) By combining earlier works of one of us on the congruent number problem, we prove that
there are infinitely many rational elliptic curves with both algebraic and analytic ranks one, whose
conductors can have any prescribed number of prime factors, for which the full Birch-Swinnerton-Dyer
conjecture holds.

1. INTRODUCTION

1.1. The main result. Let E be an elliptic curve defined over Q. We assume that E has complex
multiplication, i.e., Endg(E) ®z Q is an imaginary quadratic number field. Denote by E(Q) (resp.
II(E/Q)) the Mordell-Weil (resp. the Shafarevich-Tate group) of E. Let L(FE,s) be the complex L-
series of E, which, by a theorem of Deuring, is a holomorphic function on the entire complex s-plane.
Let p be a prime at which F has potentially good ordinary reduction, i.e., E' has good ordinary reduction
at all primes above p in some finite extension of Q.

The primary goal of this paper is to prove the following result:

Theorem 1.1. Assume that L(E,s) has a simple zero at s = 1.

(i) The Mordell-Weil group E(Q) has rank one and the Shafarevich-Tate group III(E/Q) is finite;
(ii) Assume further that E has good ordinary reduction at p if p = 2. Then the p-part of the refined
Birch-Swinnerton-Dyer formula for E holds.

1.2. Historical Background and Our Approach. We now provide some historical background for
Theorem 1.1. Part (i) follows from the theorems of Gross-Zagier and Kolyvagin. For part (ii), when p
is an odd good ordinary prime, the p-part of the refined Birch-Swinnerton-Dyer formula was established
by Perrin-Riou [40], using the following three ingredients:

e The complex and p-adic Gross-Zagier formulae [31], [40];
e Schneider’s algebraic descent methods [17];
e The Iwasawa main conjecture over imaginary quadratic fields [45].

Therefore, Theorem 1.1 essentially covers two distinct cases:

e Odd bad case: p is an odd potentially good ordinary prime;
e Even case: p = 2.

Our approach generalizes Perrin-Riou’s proof, leveraging recent advances on the complex and p-adic
Gross-Zagier formulae ([53], [18], [19]), the Iwasawa main conjecture over imaginary quadratic fields
([32]), and an extension of Yager’s theorem to p = 2 ([35]). The main challenge arises in the even case.
Schneider’s algebraic descent methods fail in this case for two reasons:
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e Since the Tamagawa numbers are even, the Mazur module defined via global flat cohomology
cannot coincide with the classical Selmer group when E has a bad prime (see [36, Appendix] and
[16, Lemma 6.6]).

e Schneider’s proof depends on Mazur’s theorem, which asserts the non-existence of certain non-
zero finite submodules. However, this result holds only for p # 2 (see [47, Pages 338 and 340]
and [306, Corollary 5.12]).

We assume that the elliptic curve E has complex multiplication (CM) by an imaginary quadratic
field K. To address the aforementioned obstacles, we consider a base change of E to certain quadratic
extension F' over K, such that E has good reduction everywhere over F, and the analytic rank of E/F is
equal to that of F/K. The first assumption allows us to reduce the study of Mazur modules to the study
of Selmer groups. Based on the recent development of the rank zero Birch-Swinnerton-Dyer formula for
CM elliptic curves [4], the second assumption ensures that once we can prove the algebraic analogue of
the Birch-Swinnerton-Dyer formula for E/F we get the formula for E/K.

We apply the following two approaches:

(1) We generalize the work of Perrin-Riou and Schneider (see [11], [48]) on the isogeny invariance of
the product of algebraic p-adic L-function and complex period of an abelian variety to the case
where p = 2. Using the isogeny invariance theorem for the Birch-Swinnerton-Dyer conjecture
([37]), we can prove the even case, provided that F//K is unramified at 2.

(2) We draw upon recent works by Coates (see [9], [13]) regarding Iwasawa theory for elliptic curves
with complex multiplication at p = 2. These works involve both finite-level descent and infinite
descent along the Coates-Wiles Zs-extension. We can then identify a field F' that satisfies the
conditions mentioned above and link the descent of E/F to E/K using Coates’s method.

To handle the descent for E/F, we employ methods from Greenberg (see [27], [29] and [28]), and from
this, we establish the non-existence of non-zero finite submodules.

1.3. Outline of the Proof of the Main Theorem. We now give a brief overview of the proof of
Theorem 1.1. Assume that F has CM by the ring O of integers in K. The potentially good ordinary
assumption on p implies that p splits in K, i.e., pOg = p - p*. The crucial part is to establish the p-adic
Birch-Swinnerton-Dyer conjecture for E over K, or more precisely, the p-adic Birch-Swinnerton-Dyer
conjecture for ¢, where ¢ is the Hecke character over K associated with E. The proof proceeds by
considering the following two cases:

(I) If p is an odd potentially good ordinary prime, we can find a finite Galois extension F over
K such that: (1) E has good ordinary reduction at all primes above p in F; (2) the Galois
group A = Gal(F/K) is cyclic, with order dividing wx = |Of/|, thus prime to p. Since the
algebraic descent methods in [17] are Galois-equivariant, we can apply these methods to the
elliptic curve E/F and consider the A-invariant part of the descent diagrams. This enables us
to establish an algebraic analogue of the Birch-Swinnerton-Dyer conjecture for E/K. The p-
adic Birch-Swinnerton-Dyer conjecture then follows from the Iwasawa main conjecture [45] and
Yager’s theorem [52]. Let E¥ denote the quadratic twist of E by the extension F/K. The proof
involves comparing the periods and descent data between E and EF.

(IT) If p = 2, we can assume that E is a quadratic twist of X(49) by Q(v/D)/Q, where D = 1 mod 4
is a square-free integer. We use the same notation as in (I). For a € Ok, let E, denote the
group of a-division points of F(K). For any integral ideal b in O, we define Ey = NyepFa-
Let F = K(Ey2). A fundamental result of Coates-Wiles guarantees that E has good reduction
everywhere over F', eliminating the connected component problem between Mazur modules and
Selmer groups. However, the twisted curve E¥" depends on the behavior of E along the extension
F/K. In this context, Choi and Coates ([9], [13], see also [23]) demonstrated that the algebraic
and analytic ranks of Ef are zero, the 2-part of III(EY/K) is trivial, and the 2-part of the
refined Birch-Swinnerton-Dyer formula for E¥" holds. Consequently, the arithmetic of E/K is
equivalent to that of F/F in the sense of the 2-part Birch-Swinnerton-Dyer conjecture. Let Fy.
be the cyclotomic Zs-extension over F', and let Selg(Feyc)p denote the p-power Selmer group of E
over Foye. Define I' = Gal(Feoyo/F). Using a variation of Greenberg’s methods, we can prove the
non-existence of non-zero finite I'-submodules in the Pontryagin dual of Selg(Feyc)p. Therefore,
Schneider’s descent methods are applicable to F/F, enabling us to establish an algebraic analogue
2-adic Birch-Swinnerton-Dyer formula for E/K. The 2-adic Birch-Swinnerton-Dyer conjecture
follows by the Iwasawa main conjecture [32] and an extension of Yager’s theorem to p = 2 [35].
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Once the p-adic Birch-Swinnerton-Dyer formula has been established, Theorem 1.1 follows in the
standard manner, utilizing both the complex and p-adic Gross-Zagier formulae ([7], [53]).

It is worth noting that, using our first approach—specifically, the isogeny invariance of the product
for the algebraic 2-adic L-functions and complex periods of abelian varieties—we can establish a more
general case for the algebraic analogue of the 2-adic Birch-Swinnerton-Dyer formula for CM elliptic curve
E over a finite abelian extension Fj over K satisfying Shimura’s conditions, when E has good ordinary
reduction at all primes above 2. This result holds provided we can find a quadratic extension F/Fy such
that F/F has good reduction everywhere, E¥ has analytic rank zero, and F/Fy is unramified at all
primes above 2. In a forthcoming paper [34], we will generalize Yager’s theorem to all primes that split
in a general imaginary quadratic field K. We will also employ a method introduced by Perrin-Riou [42],
which uses universal norms to handle the algebraic descent formula, thereby resolving the issue of finite
submodules

1.4. Applications and Concrete Examples. Let Selg(Q)2 denote the 2-power Selmer group of FE
over Q, and let corankz, Selg(Q)2 be the Zo-rank of the Pontryagin dual of Selg(Q)s. Combining with
the 2-converse theorem (proven in [5], [3], see also [6], [50]), Theorem 1.1 implies the following:

Theorem 1.2. Let E be an elliptic curve defined over Q with complex multiplication. Assume that E
has good ordinary reduction at 2. If corankyz, Selg(Q)2 = 1, then E(Q) has rank 1 and II(E/Q) is finite.
Moreover, the 2-part of the refined Birch-Swinnerton-Dyer formula of E holds.

In practice, using 2-descent method, computing the root number €(E/Q), and applying the 2-parity
theorem of Dokchitser brothers (see [20]), one can easily verify the corank condition in the above theorem.
As a result, Theorem 1.2 also implies several earlier results in [14].

Next, we present several examples. The following theorem establishes that there are infinitely many
elliptic curves over Q of rank one, whose conductors possess arbitrarily many prime factors, for which
the full Birch-Swinnerton-Dyer conjecture holds.

Theorem 1.3. Let n =5 mod 8 be a square-free positive integer, whose prime factors are all congruent
to 1 modulo 4. Assume that Q(v/—n) has no ideal class of order 4. Then the full Birch-Swinnerton-Dyer
conjecture holds for the elliptic curve y?> = x> — n%x over Q. In particular, for any prime p =5 mod 8,

the full Birch-Swinnerton-Dyer conjecture holds for y? = x® — p?x.

Proof. An induction argument (see [19] and [51]) shows the Heegner point associated to y* = x3 — x

and Q(y/—n) has infinite order. Moreover, by applying the Gross-Zagier formula [7], the 2-part of the
refined Birch-Swinnerton-Dyer formula for the curve y? = 2% — n2x is also verified. As a result, both the
analytic rank and Mordell-Weil rank of y? = 22 — n2z over Q are equal to one, and the Shafarevich-Tate
group of y? = 23 — n2z is finite.

By the theorems of Perrin-Riou [10] and Kobayashi [33], the p-part of the refined Birch-Swinnerton-
Dyer formula holds for all primes p t 2n. Additionally, by Theorem 1.1, the p-part of the refined
Birch-Swinnerton-Dyer formula holds for all primes p dividing n, since all primes p = 1 mod 4 are
potentially good ordinary primes for the curve y? = 23 — n2z. O

Example 1.4. The number p = 1493 is the smallest prime congruent to 5 modulo 8 such that the elliptic
curve y? = 3 — p?x has rank one and a non-trivial Shafarevich-Tate group. Specifically, the associated
Heegner point (x,y) has coordinates

2456153549914721493968975459422696932728951498371630131453

2958501182854207571944468687561920064681205358510529
121725780668263596873618123810557983972375660184180439465365335709906181098721585260100

N 160919109605479862871753246473210772682219745687839109456974711787796868892833

T =

3

It can be shown that the free part of the Mordell-Weil group of the elliptic curve y*> = z3 — p?z over Q

is generated by
1674371133 51224214734700

744769 642735647
By Theorem 1.5, it follows that the Shafarevich-Tate group of y? = x® — p?x is isomorphic to (Z/37)>.

The remainder of this paper is organized as follows. In Section 2, we establish the notation and
conventions. Sections 3 through 7 are dedicated to proving the p-adic Birch-Swinnerton-Dyer conjecture
for E/K. In Section 8, we introduce both the complex and p-adic Gross-Zagier formulae, and in Section
9, we complete the proof of Theorem 1.1. The first appendix (Section 10) provides a detailed proof
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for the non-existence of certain non-trivial finite submodules using Greenberg’s methods. In the second
appendix, we employ variants of the algebraic p-adic L-functions and periods under isogeny, as developed
by Perrin-Riou and Schneider, to offer an alternative proof of the algebraic analogue of the p-adic Birch-
Swinnerton-Dyer conjecture for p = 2.

Acknowledgement We dedicate this paper to the memory of John Coates, whose unwavering
encouragement and support have been instrumental in our exploration of Iwasawa theory for elliptic
curves with complex multiplication, particularly in the case of the prime p = 2 and its applications to
analytic rank one. It was John’s insight that highlighted the role of the finite submodule issue in the
CM Iwasawa theory at p = 2. In this paper, we pay tribute to his pioneering contributions, recognizing
the profound and lasting impact his groundbreaking research has had on our own.

2. NOTATION AND CONVENTIONS

2.1. General Notation.

e For a field k, we denote by k an algebraic closure of k.

e For a finite set S, we denote by |S| the cardinality of S.

e For an abelian group 2l and a ring R, we define g := A ®z R as an R-module. For two abelian
groups 2A; and 2, such that 2, C s with finite index, we denote by [y : 4] the index of 2y
in 9[2.

e For an abelian group 2 and a positive integer n, we define 2, := ker( — ). For a prime p,
we set A(p) = Up>1Apn.

e For an abelian group %A, we denote by i, the torsion subgroup of 2. We set 2o, = A/Usor.
Additionally, we define 2(q;, to be the divisible part of 2, and set A /4, = A/Aqiy .

e For a commutative ring R, we denote by R* the group of units in R.

2.2. Notation in Number theory.

e For any number field (resp. local field) §, we denote by O the ring of integers in §. For a prime
ideal p in a number field §, we write §, for the completion of § at p. We denote by C, the
completion of @p. As usual, we set Z, = Oq, .

e Fix embeddings

loo : Q@ = C and Lp :@—)(Cp

such that 1, = 1 0 1 for an isomorphism ¢ : C — C,.

o Let ord,(-) denote the additive valuation on C,, normalized by ord,(p) = 1.

e Fix a nontrivial additive character ¢ : Q, — C; of conductor Z,. For a character x : Q; — C;
of conductor p™ with n > 0, define the root number

e = [ o,

where dt is the Haar measure on Q, normalized so that Vol(Z,, dt) = 1.
e Let I be an elliptic curve defined over a number field &, and let p be a potentially good ordinary
prime for E. Denote by (-,)s the normalized Néron -Tate height pairing, and by (-,), the p-

adic height pairing associated with the cyclotomic character over & Suppose Pi,--- , P. € E(R)
form a Q-basis of E(R)g. Then the (real) regulator and the p-adic regulator of E(R) are defined
by

ROO(E/R) =

det((Pi’ Pj)OO)TXT res _ det((Pia Pj)p)TXT
B(R) : 3, ZP)? ( p- Fy(E/R) [E(ﬁ)sziZPiP)'

e Let K be an imaginary quadratic number field. For a character x of K X, denote its conductor
by fy C Ok. For an elliptic curve E over K with complex multiplication by O, let fr denote
its conductor, i.e., the conductor of the associated Hecke character o = ¢. For nonzero integral
ideals g and a of O, let g(® denote the part of g relatively prime to a. Let D be the completion
of the maximal unramified extension of Z,, and let D, be the finite extension of ID generated by
the values of x. Let L/K be an abelian extension with Galois group G = Gal(L/K) =2 A’ x T,
where A’ a finite group and I' 22 Z¢ for some nonnegative integer d < 2. For any D[[G]]-module
9 and character x of A’; define the x-isotypic component of 9 as

M, = M pyrg)),x PxlT]]s
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where the tensor product is taken via the character x : A" — DX, extended to D[[G]] — D, [[T]].

3. DESCENT THEORY OVER THE FIELDS K AND F

Throughout this section, we assume p = 2. Let A = X(49), and let E = A”) denote the quadratic
twist of A by the quadratic extension Q(v/D)/Q, where D is a square-free integer satisfying D =
1( mod 4). Recall that 20k = p - p*, and let F' = K(E,2). In the following, we always consider E as
defined over K.

For any element a € O, we denote by E, the group of a-torsion points of E(K). For any integral
ideal b in Ok, we define Ey := NgepEo, E(0) := Up>1Epn.

Let M/K be any algebraic extension. The p-power Selmer group of F over M is defined via the exact
sequence

0 — Selg(M), — H' (M, E(p)) — [ [ H' (M., E)

where the product is taken over all finite places v of M. Let S be a finite set of finite places of M. The
relaxed Selmer group at S is defined by the exact sequence:

0= Sel$(M), — H'(M, E(p)) > [[ H'(M,, E)
vgS
where the product ranges over all finite places v of M not lying above any place in S.

Let P denote the set of the primes lying above p, and let B denote the set of the primes where F has
bad reduction. Set W =P U B. With these definitions, we obtain an exact sequence

(3.1) 0 — Selp(K), — Sely (K)y — [[ H'(Ky, E)pe — coker(r) — 0.
veW

Let ¢ denote the Hecke character associated to F over K.

Lemma 3.1.
(1) Ifv € B then H'(K,, E)(p) is finite of order 2.
(2) The module H' (K, E)(p) is finite of order equal to |1 — @(p)/Q\p—l, where |- |, denotes the p-adic
absolute value on K, normalized such that |w|g1 = 2 for a uniformizer w of K,.
Proof. The first result follows from Tate local duality and the fact that E has purely additive reduction
at all bad primes v € B, with the exponent of the component group of the Néron model of E at each

such v equal to 2 (see [30, Proposition 4.5]). The second statement follows by the same argument as in
[10, Lemma 1]. O

Let Op = Ok,, and let 9 be a discrete Op-module. We denote by 9" the Pontryagin dual of M
with coefficients in Oy, defined by
M := Homo, (M, K, /O,).
We define the (Op-)corank of M as the Op-rank of M".

Corollary 3.2. The divisible parts of the Selmer groups Selg(K), and Selgj (K)p are isomorphic. Assum-
ing that IIL(E/F)(p) is finite, the coranks of these modules are both equal to the Oy-rank of E(K)®o, Oy.

For a discrete Op-module 9, recall that we define M /45, to be the quotient of M by its divisible part.
If M is a finitely generated Op-module, then 9 /div 1s finite.
Since E has good ordinary reduction at p, from [10, Lemma 1], we have the isomorphism:

E(Kyp) @ Op- ~ E(rp)(2),
where k, is the residue field of K, E is the reduction of E modulo p and the isomorphism is given

by the reduction modulo p. Let C denote the quotient of the image of E(K) io, in E(Hp)(Q) under the
reduction map, modulo the image of E(K)(p*).

Proposition 3.3. Assume that E has good reduction at all primes of K lying above 2. If II(E/K)(p)
is finite, then we have

(3.2) (selg"(K)p)/

— [LI(E/K)(p)] - (1 - o(p)/2) - [C]; * - 205170,
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Proof. Write w for a generator of p, thus 7 is a generator of p*. For each integer n > 1, we have the
short exact sequence

(3.3) 0 = Selp(K)[7"] = Selyy (K)[x"] — [ H' (K, E)xn,
veW

and we write u, for the right-hand homomorphism in this sequence. Here we write Selg(K)[r"] (resp.
SelY (K)[x"]) for the Selmer group defined using the Galois module En. On the other hand, by the
definition of the Selmer group Selg (K )[ﬁ”] we have the following natural homomorphism

(3.4) : Selp (K — [[ E(K,) /7" E(K.).

veEW
Note that the right hand groups in (3.3) and (3.4) are dual to each other by Tate local duality. By the
modified Poitou-Tate sequence (see, for example, the Appendix of [39] or [1]), we conclude that, for all

n > 1, Coker(u,) is equal to the Pontryagin dual of Im(s,). Hence, noting that t is the inductive limit
of the maps u,, as n — oo, it follows that Coker(t) is dual to the image of the map 5., = @n Sn, Where

(3.5) oo LSelE = [[ E(K,) ®0 Oy-.
vEW

Since II(E/K)(p*) is finite, it follows that Hm Selg(K)[7"] = E(K) ®0, Op+. Applying the proof of
Lemma 3.1, we obtain the isomorphism

II () @0 0p- = ] E(K)®7)

vEW vEW
Noting that p* is not contained in W, E has additive reduction at v € B, we can show that the non-
torsion points in £(K) maps to zero in [, .z E(K,) ®o Op-. By [10, Lemma 1], the only contribution of
the non-torsion points in E(K) is given by the image of E(K) o in E(np)@) under the reduction map.
Since so, is injective on torsion part of E(K) ® O+, we conclude that the image of s is equal to the
group generated by E(K)(p*) and C. From the Lemma 3.4 below, we obtain that E(K)(p*) = E(K),-.
Now the proposition follows by a simple diagram chasing in the exact sequence (3.1).

O
We recall that
F=K(Ey;) and A= Gal(F/K).
Lemma 3.4. The elliptic curve E has good reduction everywhere over F'.
Proof. A detailed proof can be found in [9, Lemma 2.1]. O

We write
ap . Hl(K7E(p)) — Hl(F’E(p))A

for the restriction map.

Proposition 3.5. The map ar induces an exact sequence

(3.6) 0— HY(A, Epz) — Sel) (K), — Selp(F)y — 0.
In particular, both groups Sely (K), and Sel7ED(F)pA have the same corank.

Proof. Consider the following exact commutative diagram:

(3.7) 0 —— Sely; (K)p, — H'(K, E(p)) o H (K, E)pe

: | :

0 — SelR(F)& — H'(F, B(p))* — ([T, gp H'(Fu E)p=)

For v ¢ W, classical theorems of unramified cohomology (see [36, Proposition 4.3]) give us
HY(Gal(F,/K,), E(F,)) = 0.
Thus, the vertical map j on the right hand side of (3.7) is injective. For each prime v € B, from the

Tate local duality, the fact that £ has additive reduction at each v and v is totally ramified in F, we
can show that the restriction map

HY Ky, E)poc — H'(Fy, E)p
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is zero, and thus, the image of « is contained in SelZ(F)p. By applying the snake lemma to the
commutative diagram (3.7), we obtain the desired exact sequence except for the surjectivity of a.. The
surjectivity follows by the same method as [23, Lemma 3.7]. Therefore the proposition follows.

O

Proposition 3.6. Assume that E has good reduction at all primes of K above 2. Let F = K(Ey2).
Assume that TIL(E/K)(2) is finite, then the coranks of the three modules Selg(K),, Sely (K), and
Selg(F)pA are the same and are equal to rankep, E(K), and we have

(3.8) \(Seﬂ;(F),?) | = IICE/E) @) 2057201~ o(p)/2) - €

Proof. One simply combines Propositions 3.3 and 3.5, noting that, we have E(K)(p*) = Z/2Z, and
H(A, E(F)(p)) = 2,22 0

The above proposition demonstrates that Sell(F )pA is closely related to the arithmetic information of

E/K. Let 6 be a generator of A. By considering the exact sequence
0 = Sel(F)y — Selp(F)y — (1 — 6)Sel(F), — 0,

it follows that, in general, Self(F )pA is not equal to the entire Selmer group Sel%(F),. However, as noted

in [9], by applying the 2-adic Iwasawa theory to the Coates-Wiles Zs-extension over F, one can show
that the error term (1 — §)Sel(F), vanishes. This important result is recorded in the following lemma.

Lemma 3.7. We have
Sel (F)g = Selp(F)y.
Proof. One can refer to [9, Corollary 2.12] for a detailed proof. O
Define 1117 (E/F)(p) as the kernel of the map

HY(F,E)(p) = [ [ H'(Fo, B)(p).
vgP
Then, the Selmer group SelZ(F )p fits into the middle of the exact sequence
(3.9) 0 — B(F)® (Kp/Oyp) — Selip(F), — " (E/F)(p) — 0.

Let EF be the twist of E by the quadratic extension F/K, let L(EY /K, s) be the L-series of Ef" over
K.

Theorem 3.8. We have

(1) ords—1 L(E¥/K,s) = 0, and rankz E¥ (K) = 0.
(2) II(EF/K) is finite, and the refined Birch-Swinnerton-Dyer formula for E¥ holds. Moreover,
HI(EF/K)(2) is trivial.

The non-vanishing of L(EF /K, 1) and the triviality of III(E¥/K)(2) were established in [9], [13] or
[23]. The full Birch-Swinnerton-Dyer formula was proven in [23] extending Rubin’s results [45] (see also

[4)-

From Theorem 3.8, Proposition 3.6, Lemma 3.7 and the exact sequence (3.9), we obtain the following
corollary:

Corollary 3.9. Keeping the same assumptions as Proposition 3.6, we have

(W (EB/F)(p)| = [LL(E/K)(p)] - 205172 (1 = o(p)/2) - [CI]; -

Proposition 3.10. The indez of II(E/F)(p) in 11" (E/F)(p) is finite. Moreover, we have

W™ (B/F)(p) : L(E/F)(p)] = [[E(K)(p)| 7" (1= o(0)/2) - [C]], "
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Proof. The descent sequence
0— E(F)® (K,/0,) = Selg(F), = II(E/F)(p) =0
and exact sequence (3.9) imply the following exact commutative diagram

(3.10) 0—— E(F) @ (Ky/Op) —— Selp(F), — II(E/F)(p) —=0

0 —— B(F) @ (K;/Op) — Sel(F), —— L (F)(p) — 0.

Since F has good reduction everywhere over F', the same proof as in Proposition 3.3 shows that the
index of Selg(F), in Selh(F), is finite. Moreover, we have

(3.11) [Sel 2 (F)p : Selp(F)y] = ||E(K) ()~ - (1~ o(p)/2) - ICI\;I-

The following facts are used to derive the above equality:

e Since E has good reduction at p, the formal group associated to E over K is the Lubin-Tate
formal group. Therefore F' = K(E,2) is a totally ramified extension over K at p. So that the
residue field of F' at p is equal to that of K.

o Let o p denote the Hecke character of E/F. Then pp/p = ¢ o Np/k.

e Since p* is unramified in F//K, E(F')(p) = Ey> and the Weil pairing, we obtain

E(F)(p*) = E(K)(p") = Z/2Z.

e From Lemma 3.7, the non-torsion points of E(F') comes exactly from the non-torsion points of
E(K), so C remains unchanged for E/F.

In the diagram (3.10), since the map j; is the identity map and the middle vertical map is injective,

the index of III(E/F)(p) in II” (E/F)(p) is finite. Thus, from (3.11), the equation in the proposition
follows. O

Corollary 3.11. Under the same assumptions as Proposition 3.6, we have
(3.12) II(E/F)(p)| = T(E/K)(p)| - 20571
The proof of this corollary follows directly from Proposition 3.10 and Corollary 3.9.

4. IWASAWA THEORY FOR E OVER CYCLOTOMIC Z,-EXTENSIONS

Let E be an elliptic curve defined over K with complex multiplication by Og. Assume p is a prime
which splits in K. We assume either E has potentially good ordinary at p when p # 2 or is the same as
Section 3 when p = 2. Let F be a finite cyclic extension over K such that E has good ordinary reduction
over F at all primes above p. One can refer to [13] for the existence of such F'.

For any number field §, we let §cy. denote the cyclotomic Z,-extension over §. Let §, be the unique
subfield in Feyc such that Gal(§,/F) is isomorphic to Z/p"Z. Assume § contains K, we define

Selg (Seye)p = lgfll Selg(Fn)p

where the inductive limit is taken with respect to the restriction maps.

Let I' = Gal(Fiyc/F) and let Ar be the Iwasawa algebra defined as Apr = Wm 7, [['/T,], where ', is
the unique subgroup in I' with index p™. For a discrete Ap-module 9, we set M to be the Pontryagin
dual of M, i.e., M" = Homg, (M, Q,/Z,). The module M is cofinitely generated over Ar (resp. Z,) if
M is a finitely generated Ar (resp. Z,)-module. We say that 91 is a cotorsion Ap-module if 9" is a
torsion Ap-module. It is well-known that Selg(Fcyc)p is a cofinitely generated Ap-module. Throughout
this section we assume that Selg(Fcyc)p is a cotorsion Ap-module.

Let A = Gal(F/K). We know Selg(Fcyc)p is also a A-module. For each character n of A, we
define Selg(Feyc);) to be the n-part of Selg(Fiyc)p. If 1 is the trivial character, Selg(Feyc)) is equal
to Selg (Fcyc)ﬁ7 which is the submodule consisting of elements in Selg(Feyc), fixed under the action of
A. For each n the module SelE(FCyC)Z is a finitely generated cotorsion Ar-module. From the structure
theorem for finitely generated modules over Ar, we define ¢, to be a generator of the characteristic ideal
of (SelE(FCyC)Z)A. We denote by c¢p a generator of the characteristic ideal of (Selg(Feyc)p)”. Both ¢,
and cp are well-defined up to units in the Iwasawa algebra Ar. We make the following convention: for a
discrete Ap-module 9, the characteristic ideal of 9t means the characteristic ideal of 9"; for a O,-(resp.
Z,-) module M, we write the same notation MM to denote the Op-(resp. Z,-)Pontryagin dual of M.
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Proposition 4.1. Assume that

e if p £ 2, the order of A is prime to p;

o ifp=2,let F=K(Ey).
Then we have cx = ck and

Cp = Cg X H ch
n#1

where the product runs over all nontrivial characters of A. In the above equations, the equalities mean
up to units in Ar.

We omit the proof for the case p # 2, since it follows directly from the fact that the action of A on
Selg(Feye)p is semi-simple. In the follows we assume that p = 2. The first equality follows from the
below lemma.

Lemma 4.2. The characteristic ideals of both SelE(FCyC)ﬁ and Selg(Keye)p are equal.
Proof. We consider the following exact commutative diagram
0 I SelE(Kcyc)p —_— Hl(KcyCv E(p)) Hv Hl(Kcyc,vv E)(p)

" ]

00— (SelE(FCyC)p)A - Hl(FCyCv E(p))A - (Hw Hl(FCyC,wv E)(p))

A

It is obvious that both kernel and cokernel of jo are finite. In fact, by a Theorem of Mazur ([36]), we
know E(Feyc)(p) is finite. Write j3 as a product (j,), where v runs over all primes of Kcyc. If v is a prime
not lying above p or at which E has good reduction, from [36, Proposition 4.3] j, is injective. As every
non-archimedean prime is finitely decomposed in Ky and the kernel of each j, at either a bad prime v
or a prime v above p is finite, we know the kernel of j3 is finite. Thus both the kernel and cokernel of j;
are finite, the lemma then follows.

O

Recall that pOx = pp* and note the relation
Selg(Feye)p = Selg(Feye)p @ Selg(Feye)p-
as Gal(Feyc/K)-modules. Let cf.,, (resp. cf.,.) denote a generator of the corresponding characteristic
ideals of Selg(Feyc)p (resp. SelE(FCyC)Z*). We write cpp (resp. cpp-) in the similar meaning for

Selg(Feye)p (resp. Selg(Feye)p+). Then the proof of the second equation in Proposition 4.1 reduces to
showing the below equality

(4.1) Crp = Hc’}7p.
n

To prove the above equation, we now introduce a Z3-extension over F. Let F = F.y.(E(p)) and put I'_
for Gal(F/Feyc). Let I'r = Gal(F/F) and Ar the Iwasawa algebra of I'z. It is easy to see that I'r is
isomorphic to I'_ x I' which is also isomorphic to Z2. We can define the Selmer group Selg(F )p in a
similar way as Selg(Feyc)p. The group Selg(F), is a Az-module. Let & be the unique Z3-extension over
K. We identify A with Gal(F/£). Then Selg(F), is also a Zy[A]-module. For each character n of A we
let Selp(F)y denote the n-part of Selg(F),.

Lemma 4.3. For each character n of A, we have
Selp (Feye)!l = (Selp(F)I)' .

Proof. Let e, be a Op-basis of the rank one Op-module corresponding to 7. Then
Selp(F) = (Selp(F)p @ e,)™ .

Since I'_ lies in the kernel of 1 and the actions of A and I'_ are commutative, we obtain
n
(Selp(F)p)" ™ = (Selp(F)} )

Then we reduce to show that Selg(Feyc)p =~ Selg(F )g’. This follows from a similar proof as in Lemma
4.2 by noting H*(I'_, E(p)) = 0 and that E has good reduction everywhere over Fiy. O

We come back to the proof of Proposition 4.1.



Proof of Proposition J.1. Let M be the maximal abelian pro-2 extension over F which is ramified only
at the primes above p and put X(F) = Gal(Mx/F). From [39] (or an extension of [10] to this two
variable setting) we obtain the isomorphism

Selg(F)p ~ Hom(X (F), Eye).

A similar proof as Lemma 4.3 implies an invariant of the above Selmer group is isomorphic to the Selmer
group of E over the Coates-Wiles Zs-extension over F' which is ramified only at primes above p. From
the works on p-invariants (see [3], [38] and [16]), this Selmer group is a cofinitely generated Zs-module.
Thus Selg(F), is cotorsion over Ar and has characteristic ideal which is prime to 2. Write C'z, resp.
C'} for a generator of the characteristic ideals of the Pontryagin dual of Selg(F)y, resp. Selg(F)y. Here
7 is any character of A. Since the characteristic ideal is prime to 2 all these elements are the same after
taking tensor product with Qs, therefore we obtain

cr=]Jc%
n
Noting Lemma 4.3, we know that the equation (4.1) is the image of the above equation under the natural
map Ar — Ar. Since we have shown cx = ck, the Proposition 4.1 now follows. O

To lighten the notation we let E/ = EF".

Lemma 4.4. We have

Selp (Feye)p ~ SelE,(FCyC)pA.
Proof. Recall e, in the proof of Lemma 4.3. From the definition on twist of elliptic curves we know

E(p) ® e, ~ E'(p).
(As Gg-modules.) Therefore we obtain
H' (Foye, B'(9))2 = (H' (Feye, E(p)) ® €q)™ = H' (Feye, E(p))".

This isomorphism also holds locally for all non-archimedean primes of Fgy., thus the lemma follows by
the definition of Selmer groups. (]
Corollary 4.5. Write cp.g for crp. Let cx g (Tesp. ck.g) be a generator of the characteristic ideal of
Selg/ (Keye)p (resp. Selg(Keye)p). Then cpp = ¢k g - ck,g. (up to p-adic units.)

This corollary follows from Proposition 4.1, Lemmas 4.2, 4.4 and the fact that the Pontryagin dual of
SelE/(FCyC)ﬁ and Selg/ (Kcyc)p are quasi-isomorphic.

5. ALGEBRAIC ANALOGUE OF A BIRCH-SWINNERTON-DYER FORMULA OF E’ OVER K.

We keep the notation and setting as in Section 3 throughout this section. As usual, we let xcyc denote
the cyclotomic character over K. Because of Theorem 3.8, Selg/(K)y is finite. From Mazur’s control
theorem (see [30] or [20]) and the structure theorem of finitely generated modules over Ar, Selg: (Kcyc)2
is a finitely generated cotorsion Ap-module. Let cx g be a generator of the characteristic ideal of
Selp/ (Kcyc)2. We define the Iwasawa L-function of E' with respect to xcyc as follows:

fo(s) = Xy (emr) (s € Za).
By Theorem 3.8, fg/(s) is nonzero at s = 1. In this section, we will compute the leading term, i.e., the
constant term of fg/(s) at s = 1. Recall that ¢n is the Hecke character associated to E' over K.

Proposition 5.1. Up to a 2-adic unit, we have

(5.1) far(1) = % . (1 _ Wép*)>

In the following part of this section, we use the Birch-Swinnerton-Dyer formula of E’ and the Iwasawa
main conjecture to prove the proposition. Consider the decomposition
SelE/(Kcyc)p = Selg/ (Kcyc)p @ Selg- (Kcyc)p*

The Zo-modules Sel g/ (Keyc)p and Sel g/ (Kcyc)p+ are finitely generated cotorsion Ap-modules. Let ¢k g/ p
(resp. ¢k, r’ p+) be a generator of the characteristic ideal of Selgs (Kcye)p (resp. Selp: (Keye)p+). We define
forp(s) = x&ye (crprp) and  forpe(8) = Xy (crmrpe) (s € Za).

Then fgr/(s) = fe'p(s) - fE p-(s). (Up to a unit in the Iwasawa algebra.)
10



Proof of Proposition 5.1. Restricting the two variable Iwasawa main conjecture (see [32]) and Yager’s

theorem (see [52], [35]) to Keye, fE/,p(5) (resp. frrp+(s)) is equal to the Katz measure in [17, Theorem
IT 4.14] evaluating at @@ x&y (resp. Ppixiye). Write Qg for the period associated to E’. Denote by
wr = n the Hecke character associated to E’ over K. By the interpolation formula in [17, Theorem II

4.14] we obtain (up to 2-adic units)

ferp(1) = (1 - W) , L@Eul).

2 QE/

To handle the Selmer group Selg: (Kcyc)p+, we apply the complex conjugation on E’ to get an elliptic
curve £. Write Kéyc the conjugated field of Ky under complex conjugation. Here we should note that
since E’ is defined over K, the field K( . is not equal to Kcyc. Then we reduce to calculating the Iwasawa
function fg , associated to Selg(K/,.)p. Note that £ has only bad reduction at p*, and that the period

e cyc
Qe = Qp/. Applying the same argument as above, we obtain (up to 2-adic units)

_ e (p*)\ Llpr,1)
fE’,P*(l)—<1_ 5 ) O

Notice that the 2-part of refined Birch Swinnerton-Dyer formula of E’ is given as

L(E'/K, 1) _ [HI(E'/K)(2)] - tp(E'/K)
Qpr - Qpr |E'(K)(2)]?

(up to 2-adic units.). From [J] or [23], we know the above equation is valid. Here t,(E’/K) denotes
the Tamagawa number of E’ at p. Thus the proposition follows from the facts that III(E'/K)(2) = 0,
ty(E'/K) = 4 (see [23]), |E'(K)(2)] = 8 and @pr = ¢n. O

6. ALGEBRAIC P-ADIC HEIGHT FORMULA FOR E OVER K

Let E be an elliptic curve over K with complex multiplication by Of. Let p be a potentially good
ordinary prime for F. We assume that E has good ordinary reduction at p when p = 2, i.e., E has
good ordinary reduction at both p and p*. For any finite field extension §/K, we define Feyc to be the
cyclotomic Z,-extension over §. Put I'y = Gal(Feyc/F) and denote A(I'z) by the Iwasawa algebra of I'z.
When § = K, we simply write I" (resp. Ar) for I'g (resp. A(I'g)). Let Selg(Fcyc)p be the p-power Selmer
group of E over Feyc. It is clear that Selg(Feyc)p is a cofinitely generated A(I'z)-module. We assume
further that Selg(Fecyc)p is cotorsion over A(I'z). Write cz for a generator of the characteristic ideal of
Selg (Feye)p- Let Xeye,z be the cyclotomic character of Gal(Feyc/§). We define

fer5(s) = Xayos(cs) (s €Zy)

to be the Iwasawa L-function of E over § with respect to Xcyc,z. When § = K, we omit § in the
subscripts of fr/z and Xeyc,3- Recall that ¢ is the Hecke character over K associated to E. The aim of
this section is to prove the following

Theorem 6.1. Assume that E(K) ®o, K has dimension one over K and II(E/K)(p) is finite. Then
Selg(Keye)p is a cotorsion Ap-module and the vanishing order of fg(s) at s =1 is equal to 2. Moreover,
denote by fr(1) the coefficient of the leading term of fr(s) at s =1, we have

(6.1) f(1) =6, - [(E/K)(p)| - By(E/K) - (1= ¢(p)*(1 = ¢(p*))".

(The equality holds up to p-adic units.) Here 6, is equal to 4Bl or 1 according as p = 2 or p is odd.
Recall that B denotes the set of bad primes for E over K.

We postpone the proof of the odd case. From now on, we assume p = 2, thus E is a twist of
A = X(49) by the extension Q(v/D) over Q. As always we assume the integer D = 1 mod 4. Recall
that 20k = p-p* and F' = K(E,2). From Lemma 3.4, the elliptic curve E has good reduction everywhere
over F. By the assumption that E(K) has Og-rank one and III(E/K)(2) is finite, from Theorem 3.8
we know dimg E(F) o, K =1 and II(E/F)(2) is finite.
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Proposition 6.2. Keep the above notation. The Selmer group Selg(Feyc)p is a cotorsion A(T'p)-module
and the vanishing order of fr,r(s) at s = 1 is two. Moreover, denote by fE/F(l) the coefficient of the

leading term of fg/r(s) at s =1, we have

(6.2) fip(1) = T(E/F)2)| - Ry(B/F) - [ 1B(r,) .

vlp

Here the equality is up to 2-adic units. The curve E is the reduction curve of E atv and K, is the residue
field of F,.

Proof. Since E has complex multiplication, the p-adic height of the O-generator of E(F’) is nonzero (see
[2]). Therefore, by the same proof as [17, Theorems (1.1), (2.2")], Selg(Feyc)p is a cotorsion A(I'g)-module
and the vanishing order of fg,p(s) at s = 1 is equal to two. To show the formula (6.2), Schneider’s
proof works only when F' is totally imaginary, and we can show (Selg(Feyc)p)” has no nonzero finite
sub Ap-modules (see [17, Pages 338 and 340]). We will prove this last statement in the appendix using
methods due to Greenberg. Here, we should also note that the proof of Schneider on comparison between
the algebraic and analytic p-adic heights (see [47, §6 and 7, especially Proposition (6.2)]) still works for
p = 2. From these reasons, the proposition follows from the equality in [47, Theorem 2.2] using the fact
that F has good reduction everywhere over F. O

Since III(E/F)(2) is finite, Cassels’s pairing on HI(E/F)(2) implies that |III(E/F)(p*)| = |II(E/F)(p)|.
From Corollary 3.11 and
HI(E/F)(2) = IL(E/F)(p) & LL(E/F)(p"),
we have

(6.3) [UL(E/F)(2)] = [IL(E/K)(2)| - 4171,

Recall that the torsion free part of E(F') (resp. E(K)) is an Og-module of rank one.

Lemma 6.3. Any Og-generator of E(F) comes from an Ok-generator of E(K).
Proof. Denote by § a generator of A = Gal(F/K). Noting the exact sequence

0= E(F) @0y (Kp/Op) = Seli(F)y — WP (E/F)(p) = 0
and Lemma 3.7, we obtain

A
(E(F) ®0, (Kp/Op))™ = E(F) ®@0, (Kp/Op).
Let P; be an Ok generator of E(F') and put 7 to be a generator of p. Since §(Py®(1/7™)) = PL®(1/7™)
we obtain
0(P)— P en™E(F)

for all m € Z,. As any nonzero point in E(F') is finitely divisible, we must have 6(P;) = P;. Therefore,
the lemma follows. O

Lemma 6.4. Recall that E is defined over Q and we view E defined over K. We can choose a point
Py € E(Q) such that [E(K) jsor : O Po) is prime to 2. In particular, up to 2-adic units, an Ok -generator
of E(K) can be taken from a point in E(Q).

Proof. Let E(K) = Ok - P, and put o to be a generator of Gal(K/Q). Since 0P, is still a generator of
E(K) we obtain
oPy,=sP,+T (s € {£1}, T € E(K)tor)-

We can assume that s = 1 by changing P, to v/—7P,. Here we recall K = Q(v/—7) and that /—7P,
is given by the action of complex multiplication. Thus Py = P> + T with T € E(K),. Note that
E(K)y = Ey- x E, we denote by t,, resp. t,« the generator of Ej, resp. E,+. We claim that either
T =0o0r T =ty + tp-. Admitting the claim, if 0P = P + ¢, + tp-, changing P> to P + t,- we
know that P, is invariant under o. Thus the claim implies the lemma. Now we prove the claim.
Otherwise, we may assume oFP» = P» + ¢,. By applying o to both sides of the equation we obtain
Py = o(P,) + ty« = Py +ty + ty«, thus t, + ¢y« = 0 which is a contradiction. The case 0Py = Py + tp-
can be proven in a similar way, therefore the claim follows. O
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Proof of Theorem 6.1 when p = 2. In the following proof, we write ~ to denote the equality of the quan-
tity is up to 2-adic units. From [10] (see [39]), we know that |E’(kp=)| ~ (1 — ¢n(p*)/2). Note that p is
totally ramified in E/K, p* is unramified in F'/K, we can easily show that

[Lujp [E(50)|
B ()| ()

Here, the product in the left hand side runs over all primes of F' lying above p. Now, from equations
(6.2), (5.1), (6.3) and Corollary 4.5, we obtain

) TE/E) )] -4 det (-, ),, 1 oy
(6.4) (1) ~ BT S em) (- )

= (1= @()*(1 = @(p*))*.

where det(:, ), r is the determinant associated to p-adic height pairing on E(F) /ior X E(F) jtor, and we

have used the fact that R,(E/F) = % From Lemma 6.3, using a Z-basis for Ok and applying
the relation between p-adic height pairing and p-adic height, we obtain det(-,), r ~ ht, x(P)?. Here
htp i (-) denotes the p-adic height over K. Noting the compatibility of p-adic height under complex
multiplication (see [39]), and the analogues between refined p-adic regulator and usual p-adic regulator
(for the complex case, see [30]), from Lemma 6.4 we obtain ht, x(P)? ~ det(-,-)p x. Thus the formula

(6.4) becomes
f5(1) ~ [I(E/K)(2)] -4 Ry(E/K) - (1= ¢(p)*(1 = o(p"))*",

where we used the relation R,(E/K) = % The case p = 2 of Theorem 6.1 now follows. O

In the final part of this section, we deal with the case of p # 2. Recall that E is an elliptic curve
over K with complex multiplication by Ok and E has potentially good ordinary reduction at p. Write
pOk = p - p*. Recall also that ¢ is the Hecke character over K associated to E. Let ¢ be a Galois
character over K taking values in Oj; such that ¢’ = @e is unramified at both p and p*. Let F be the
cyclic extension over K cut out by €, thus [F : K| divides wg := |Of|. Let E’ be the twist of E by the
field extension F'/K. Then ¢’ is the Hecke character associated to E’. Since ¢’ is unramified at both p
and p*, E’ has good reduction at p. The curves F and E’ are isomorphic over F, E'(F)¢ ~ E(K), and
(E'/F)(p)¢ ~ II(E/K)(p). Here, for a Gal(F/K)-module MM, we write M* for the e-part of M.

Proof of Theorem 6.1 when p is odd. Put A = Gal(F/K). Since |A| is prime to p, for any exact commu-
tative diagram, taking A-invariant of each term still gives an exact commutative diagram. In particular,
we have III(E/F)(p)® = II(E/K)(p) and SelE(F)ﬁ = Selg(K)p. Note also that since the Tamagawa
numbers are prime to p, the Mazur module associated to E(p) is equal to the corresponding Selmer
group.

The case when E has good ordinary reduction at all primes above p was proven in [47]. Our case
follows by a variant of the same proof. Since F has good ordinary reduction at all primes of F' above
p, we can adopt the same descent arguments as [17] for E/F. Noting that the descent diagram in [17,
Page 332] for E over F is A-equivariant, after taking A-invariant part in every module in the diagram,
we can get a descent diagram with exact rows and columns. We can also apply the similar method to
the diagram [47, Page 335] to get the algebraic p-adic height pairing for E over K, which is equal to the
analytic p-adic height by [47, Section B]. Using the same proof as [17, Theorem 2], we obtain

(6.5) f(1) ~ [IHE/K)(p)| - Ry(E/K) - [ |H (Feye/F, E(Feye @1 K0))?| -
vlp
As in the proof for p = 2, we write ~ to mean the equality is up to p-adic units. The below lemma will

complete the proof of Theorem 6.1.

Lemma 6.5. Let vg = p or p*. Assume that if wxg = 4 or 6 then E has bad reduction at both p and p*
or good reduction at both p and p*. Then

| HY (Gal(Feye/F), B(Feye @1 Ku))™ | ~ (1= 9(00))*(1 = (v5))*.

Note that [16] handled the case where E has good reduction above p. We now assume that E has bad
reduction either at p or at p*. The isomorphism between FE and E’ over I gives rise to an isomorphism

H' (FCyC/Fa E(FCyc QK Kvu))A — H' (FCyC/Fa E/(FCyc QK Kvo))e~
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We will use a fact in [46, Proposition (7.2)] saying that for any elliptic curve A over a local field f with
good ordinary reduction and let A denote its reduction over the residue field x of f, we have

[H (feye/ f Alfeye)) = AR (0) .
Here feyc is the unique cyclotomic Z,-extension contained in f(fpee ).

Let w|vy be a place of F above vy and /Ky, be the residue fields of F,, and K,, respectively, we
have

[/ ()| ~ (1= ' (o)) ) (1= (w) ool )
If wg = 2, then F/K is a quadratic extension. If E had bad reduction at vy, then F/K is ramified at
v and let w be the unique place of F' above vy, we have k., = k,, and thus

o H (Feyew/ Fuos B' (Feyew)) | _ [E' (k) 2
Hl(F /F,E/(F ®KK; )) _ | ye,u 0 5 ye, == L _
} cyc cyc vo | |H1 (Kcyc,'uo /Kv07 El(Kcyc,'uo)) | \E’(Hvo)P

If E has good reduction at v, then F//K is unramified at vg. If vy is split over F', then F @ g K,,, = Kﬁo
and €,, = 1. It is easy to see that

|H' (Foye/F, B' (Feye @k Ku,)) | ~ (1= 9(00))*(1 = (v5)).

If vg is inert in F', let w be the unique prime of F' above vy. Note that ¢} = ¢py,€y, and e(vg) = —1.

Then we have

e _ H (Feyen/Fus B'(Feye)) | _ [E' (k)2
Hl (Fc C/F) E/(Fc c Ok Kv )) = | b2 Atled e b2 Adld = = el
| Y Y ’ | [H' (Keye,vo / Kvg, E'(Keye,v,)) | |E' (K, ) |?

2 — we(v¥)? 2
~ ((1 — (306)(1)0) )(1 ' ( 0) )) — (1 —@(vo))z(l —@(Ué))z.

(1= (e)(v0))(1 — pe(v))

If wg = 4 or 6, by our assumption, vg must be ramified over F' and € is non-trivial on the inertia
subgroup. The proof is similar to the previous ramified case. We omit the details. ([

7. IWASAWA MAIN CONJECTURE AND P-ADIC BIRCH-SWINNERTON-DYER CONJECTURE FOR E

Let K be an imaginary quadratic field. Denote by p a prime which splits in K, i.e., pOg = pp*.
We make the assumption that p is induced by the embedding ¢,. In particular, K, = @, in C, and
let ¥, = 1, on K, under this identification. Let E be an elliptic curve defined over K with complex
multiplication by Ok. Let Qg be a p-minimal period of E over K. We assume that E has potentially
good (resp. good) ordinary reduction at p for p odd (resp. p = 2). Write ¢ for the associated Hecke
character of E and fg for the conductor of ¢. Denote by ¢, the p-component of ¢.

For any two non-zero integral ideals a,b in K, we denote by K(a) the ray class field over K modulo
a and put K(ab>) = U,>1 K (ab™).

Theorem 7.1 (Two variable p-adic L-function). Let g be any prime-to-p non-zero integral ideal of K.
Assume that fg)|g. There exists a unique measure jlg = g, on the group Gal(K (gp™>)/K) such that for
any character p of Gal(K(gp™)/K) of type (1,0), we have

p(,LL ) _ T(ppva) . 1- p(p)p_l . L(gp)(ﬁa 1)
Y T (pp,tp) 1 p(p)p~1! Qp

Here, L(97) (p, 8) is the imprimitive L-series of p with Euler factors at the places dividing gp removed.

We remark that, for any continuous character p : Gal(K(gp>)/K) — C), by linear extension, we
obtain a continuous algebra homomorphism p : D[[Gal(K (gp*>°)/K)]] — C,. Since we can view fi4 as an
element in D[[Gal(K (gp™)/K)]], p(g) is defined to be the image of y14 under the homomorphism p. For
the definition of the type of p, one can refer to [17, Chap II §1].

Proof. The result follows from the lemma 7.3 below and the construction of Katz’s two variable p-adic
measure. One can refer to [17, Theorem4.14], [52] for details. O

Let F be a finite abelian extension over K with Galois group A = Gal(F/K). Assume that |A| is
prime to p. Set G = Gal(F(E(p))/K). Then G = Gior X ' with I'x = Gal(F(E(p))/F(E,)), where the
integer ¢ = p or 4 according as p is odd or even. Let Ag = Z,[[G]] be the Iwasawa algebra of G. Let U,
(resp. Cx) denote the Ag-module of the principal local units at the primes above p (resp. the closure
of the elliptic units for F(E(p))/K under the p-adic topology). One can refer to [15, §4] for a precise
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definition for these modules. Since p { |A| and the group Gal(F(E,)/F) has exponent 2, every character
X of Gior takes values in D. It is well-known (see [52], [15], [35]) that (Uss/Coo)y is a finitely generated
torsion D[[I'k]]-module. We define charp, (Us/Cx )y to be the characteristic ideal of (Uso/Coo)y-

Theorem 7.2 (Yager). Assume that F' = K if p=2. For any character x of Gior, let f = ;p), Assume
that fg) divides f. Define

then
charr (Uso/Coc)x - DIICx]] = (1) -

Here the measure ps is defined as in Theorem 7.1.

Proof. For p is an odd prime, this is a theorem of Yager [52]. The case for p = 2 can be proven in a
similar way using a two variable generalisation of de Shalit’s observation (in [17, Chap I]) that the one
variable structure theorem for principal local units can vary very well under unramified extensions. A
detailed proof can be found in [35]. O

Lemma 7.3. Let E/K be an elliptic curve associated with a Hecke character @, assume that p # 2 splits
in K and write pOg = pp*. Let pg be a Hecke character over K unramified at p. Let Qp and Qg be
p-minimal periods of E and g, respectively. Then

ord, (W) —0.
0

Proof. The method for the proof is via Stickelberger’s theorem on prime ideal decomposition of Gauss
sum. In fact, for pt w = wg, E has p-minimal Weierstrass equation of form
E:y? =23 + asx® + asx + ag, as,as,a6 € KX NO,.

Note that for w = 4,6, we can take form y? = 2% + ayz, y?> = 22 + ag, respectively. Then there is an
elliptic curve E” over K which has good reduction at p. Let ¢” be its associated Hecke character. Then
e =o't A /K* — O (also viewed as a Galois character via class field theory) is of the form
x(0) = a(d*/*)/d** for an element d € K> /K*™. Then the twist E” has p-good model

y? = 23 + dasa® + dPasx + d3ag, if w=2,
E": y? = 23 + dayz, if w=4,
y? = 23 + dag, if w=6.

It is easy to check that Qp» = AV . Qp. Let w: OPX — iy C K be the character characterized by
w(a) = a mod p and let y = w= =Y/ Then ¢, = x* for some k € Z/wZ. Let r, = F, be the residue
field of K,. By Stickelberger’s theorem, the Gauss sum g(ep, %) = — Zaenj ep(a)y(a) has p-valuation
{k/w}. Notice that 7(¢p, 1) and g(ep, 1) are up to p-adic units. It remains to show that k£ = ord,(d).
Note that for any u € Oy, K, lg(ul/ *) is unramified over K. Thus it is equivalent to show that for any
uniformizer m of K,

o () )7t/ = =P D/ mod p, Yu € O,
But it is easy to see this by using local class field theory for formal group associated to P — mx.
For general Hecke character ¢ over K unramified at p (not necessarily K-valued) and g its p-minimal
period, it is easy to see that ord,(Qo/Qg+) = 0.
O

Let Xcye,x : G — Z, be the p-adic cyclotomic character defined by the following composition
G — Gal(Keye/K) = Z,).

Here the first map is the natural quotient map and the second map is given by the restriction of the
cyclotomic character of Gal(K (u(p))/K) to Gal(Keyc/K). We define

Lop(s) = @EXiY_CS,K(Mfg)) (s € Zy).

Recall that we have defined the Selmer group Selg(Kcyc)p, I' = Gal(Kcye/K) and the Iwasawa algebra
A= Ar.

Proposition 7.4. The Selmer group Selg(Keyc)p is a finitely generated cotorsion A-module.
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Proof. For p odd this is a main result in [44]. For p = 2, since Rubin’s main conjecture at p = 2 was

proven in [32], by a similar argument in the below proposition which links the Selmer group over Ky to
the Selmer group over K (E(p)), the proposition follows by the same argument as in [14] using Rohrlich’s
theorem on generic non-vanishing of the cyclotomic twists of L-values of F. O

Let cg, i denote a generator of the characteristic ideal of (Selg(Kcyc)p)”. As in the previous sections,
we define fp(s) = x4 (cp k) for s € Zy.

Proposition 7.5. There ezists a function u(s) on Z, taking values in D> such that
fE(s) = u(s)ZL,(5)L5(s) 5 € ZLp.

Proof. This is the p-adic cyclotomic main conjecture for £ over K. The idea is via the two variable
Iwasawa main conjecture for E ([45], [32]) and Yager’s theorem ([52], [L7], [35]).

If p # 2, recall that € is a Galois character over K taking values in O such that ¢’ = e is unramified
at both p and p*. Then we have defined F' to be the cyclic extension cut out by e over K with degree
[F : K] prime to p. The curve E/F has good reduction at primes above p, and the p-power Selmer group
of E/K is equal to the A = Gal(F/K)-invariant of the p-power Selmer group of E/F. If p = 2, we write
F = K. Write Fy = F(Ey), here ¢ = p or 4 according as p is odd or p = 2. Let x : Gal(F,/K) — O, be
the character giving the action of Gal(Fy/K) on E,.

Let Fo = F(E(p)). Then Gal(Fy/Fp) is isomorphic to Z2. Let My, be the maximal abelian p-
extension over F, which is unramified outside the primes above p. Set Xoop = Gal(Moop/Fxs). A
Well known theorem due to Coates and Perrin-Riou shows that (X )y is a finitely generated torsion

Zyp||Gal(Fu / Fp)]]-module. We write Char(Xo )y for the characteristic ideal of (X )y . Rubin’s two

variable main conjecture (see [45] for p odd and [32] combined with the vanishing of u-invariant [38],
[16], [8] for p = 2), and Yager’s theorem (see [52] [35]) imply that
() Char(Xoey) DIGaI(E/F] = (1)

5

where for an integral ideal g of K prime to p, the measure pg is given as in Theorem 7.1. Here, we write
fg,p = Mg to emphasize that we embed K under ¢, via the prime p.

Recall that Selg(Foo)p is the p-power Selmer group of E over Fi. Let R, be the unique Zf,—extension
over K, and we identify Gal(Fy/K) with Gal(Fy/8x). Set T = Gal(F /R ). Note that

(7.2) Selp(Foo)y = Hom((Xoop)y: E(p))

and (Xoo,p)y is a finitely generated torsion Z,[[Gal(F. /Fo)]]-module, we know (Selg(Fu)p)5 is a finitely
generated torsion Z,[[Gal( O(,/F())]]—rnodule. Write Char((Selg(Fx)p)y) for its characteristic ideal in
Zy[|Gal(Foo / Fo)]). Observe that

(7.3) Char((Selg(Fso)p)y) = tyChar((Xoo p)y )

where ¢, : Z,[[Gal(F [ Fy)]] = Zp|[Gal(Fuo/Fo)]],y + 0p(7)7 for any v € Gal(Fu/Fy) and g, is the
character of Gal(Fu./Fp) giving the action on E(p). The equations (7.1) and (7.3) show that

(7.4) Char((Selp(Fuo)p)t)D[[Gal(Fuo / Fo)]] = (i )-

Similarly, by changing the role of p and p*, we obtain

(75) Char((Sel (Fuc)pr )3 D{IGal(Foo/ Fo)l) = (15143 )

Put I'_ = Gal(f/Kcyc). Recall the decomposition
SGIE(KCyC)p = SelE(Kcyc)p (5) SelE(Kcyc)p*~

The same proof as Lemmas 4.2, 4.3 shows that Selg(Kqyc), is quasi-isomorphic to

Hom((Xoo,p)x B(p))"~ @ Hom((Xoop+)x, E(p™))"~.
Noting Proposition 7.4, from equations (7.2), (7.4) and (7.5), we obtain
¢p.x - Ap = <’/p/v‘>;1(3p>7pbp*/‘;g)7p*> :

Here, cp x denotes the characteristic ideal of (Selp(Kcye)p)” and Ap = A®D. Now applying Xé}fch to
both sides of the above equality, we know the proposition follows. ([
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Now we come back to consider the p-adic Birch and Swinnerton-Dyer conjecture of E. If p = 2, we
keep the assumption that E is a quadratic twist of X(49) by the extension Q(v/D) over Q for some
square-free integer D = 1 mod 4.

Theorem 7.6. Assume that E(K) ®o,. K has dimension one over K and UI(E/K)(p) is finite. Then
Selg(Keye)p s a cotorsion Ap-module and the vanishing order of £,(s) (resp. Zz(s)) at s =1 is equal
to 1. Denote by £;(1) (resp. ZL%(1)) the coefficient of the leading term of Z,(s) (resp. ZL5(s)) at
s =1, we have

(7.6) ord, (Z;(1) - £ (1)) = ord, (%, - [I(E/K)(p)| - Rp(E/K) - (1= ¢(p)*(1 - ¢(»"))").

Here €, is equal to 418l or 1 according as p =2 or p is odd. Recall that B denotes the set of bad primes
for E over K. Moreover, if E is defined over Q, then we have

(7.7)  ordy (£Z(1)) = ord,, (H me(E/Q) - [II(E/Q)(p)] - Rp(E/Q) - (1 — (p))*(1 - @(P*))2> -
14

Here my(E/Q) denotes the Tamagawa number of E at a prime £, and the first product in (7.7) runs over
all bad primes of E over Q.

Proof. Since the complex conjugation changes %, (s) to Z5(s), we know both p-adic L-functions have
the same vanishing order at s = 1. All assertions in the theorem except (7.7) follow from Theorem 6.1
and Proposition 7.5. In the following we show how to derive (7.7) from (7.6).

Let us first consider the case when p is odd. In this case, the equation (7.6) becomes

2ord, (£; (1)) = ord,, (JL(E/K)(p)| - Rp(E/K) - (1= 0(p)*(1 = ¢(p*))").
Write Ng for the conductor of E. Since E is defined over Q, the conductor formula of E/Q shows that
the discriminant of K must divide Ng. Noting that p splits in K, from Coates-Wiles theorem (see [15]),
we know E(K), = 0. Similar proof as Lemma 6.4 implies that an Ok generator of E(K) can be taken
from E(Q) without changing the p-adic valuation of R,(E/K). A direct computation using a Z-basis of
Ok shows that
ord,(R,(E/K)) =2-ord,(R,(E/Q)).
Write EX for the twist of F by K/Q. Since Gal(K/Q) has order prime to p, its action on III(E/K)(p)
is semi-simple. We denote by III(E/K)(p)*, resp. III(E/K)(p)~ the eigenspace with eigenvalue 1, resp.
—1 under this action. Then
II(E/K)(p) = (E/K)(p)" & I(E/K)(p)".
Similar proof as Lemma 4.4 shows that III(EX /Q)(p) ~ HI(E/K)(p)~. We also have III(E/K)(p)* ~
II(E/Q)(p). Since E has complex multiplication by Ok and p is unramified in K, by [37, Proposition
6(a)] we have that there exists an isogeny between E and EX whose degree is prime to p. There-
fore we know the isogeny induces an isomorphism between III(E/Q)(p) and IIT(EX /Q)(p). We obtain
|UI(E/K)(p)| = |[IL(E/Q)(p)|*. Tt is clear that (7.7) follows.
Next we consider the case p = 2, the equation (7.7) turns to be

2ord, (£7(1)) = ordy, (4151 [II(E/K)(p) - Ry(E/K) - (1~ 0(p)* (1~ 0(p))*)

Since E has good reduction at 2, the bad primes must be odd. For a bad prime ¢, viewing E defined over
a local field £ over Qy, from [30, Proposition 4.9], we know t,(E/£) = |E(£)2|. Here t,(E/L) denotes the
Tamagawa number of E/£ at £. Since E is defined over Q, considering the behavior of the bad primes
under the extension K/Q, using the fact that F(K ), = (Z/2Z)? and E(Q)y = Z/27Z, we obtain

[Tme(E/Q) = 25.
4

Applying Lemma 6.4 and noting that |E(K)(2)| = |E(Q)(2)|?, we have
o1dy (Ry(E/K)) = 2 - ord, (R,(E/Q)).
We conclude the proof by showing that |III(E/K)(2)| = |II(E/Q)(2)|?. Note that
ordy (Roo (E/K)/ Roe (E/Q)?) = 0.

By the equivalence of the Birch-Swinnerton-Dyer conjecture for E/Q and E/K (see [37, Corollary after
Theorem 3]), observing all terms except |III(E/K)| involving in the Birch-Swinnerton-Dyer formula over
17



K are square of the corresponding terms over Q, we see immediately that |III(E/K)(2)| = |III(E/Q)(2)|>.
For another proof of this last fact, one can refer to [23, equation (13) on Page 4197]. O

8. COMPLEX AND P-ADIC GROSS-ZAGIER FORMULAE

Let E be an elliptic curve over Q of conductor N, write ¢ for the newform associated to E. Let p
be a prime where E has potentially ordinary reduction, i.e., E has either potentially good ordinary or
potentially semistable reduction at p. Let a : Q; — Z, be the character contained in the representation
(VpE)* of Gg, such that a|Z; is of finite order.

Let K be an imaginary quadratic field such that e(E/K) = —1 and p splits in K. Let ' be the Galois
group of the Zf,—extension over K. Recall that, in [18], there exists a p-adic measure ug sk on I'x such
that for any finite order character x of 'k, we have

LP)(1,,x)

872(6, &) HZw(vaww)a

w|p

X(ME/;C) =

where (¢, ¢) is the Petersson norm of ¢:

_ 2 _ .
(6,0) = / /F PPy, =iy

and for each prime w|p of K, let a, = a0 Ny /o, and b, = 1, o Trx, /@, , and let @,, be a uniformizer
of I\, then

1 — X (@w) "1 = o Xw(@w)p~ 1)L, if vy X is unramified;
Zw(waw):{( (@) ) (@u)p™)

P ((CwXw) ™Y, Yw), if qyx 18 of conductor w™ (n > 1).

From now on, we assume that E has complex multiplication by an imaginary quadratic field K. Since
FE has potentially good ordinary reduction, the prime p splits in K, say pOg = pp*. Let ¢ be the Hecke
character over K associated to E. The following lemma will be used to prove our main theorem.

Lemma 8.1. Assume that p is induced by ¢p, i.e., we can identify K, with Q,. The non-trivial element
7 € Gal(K/Q) induces an isomorphism on A so that T : Ky = K, = Q,. Then o = @y« o771 and
(@™ Xeye) (@) = @p(x)2z™t for any x € Q, . Moreover, for any place wlp of K, any finite order character

v: @x/@xix(p)zg,tor — lpee viewed as a character on I'x by composing with the norm map, we have

1= (e D)™

TR0

Z(Vaw, ) = T(Wpyglv Yuw)
Proof. The assertions follow from the equalities @@ = | |;(1oo> and ¢" = . O
K

Let xcyex : ' — Z; denote the p-adic cyclotomic character of I'x.. Let x be a finite order anticy-
clotomic character. Define £z /x  to be the p-adic L-function
Lok (s) = XXeyerc(HB/K)s 5 € L.

For the trivial character x, we simply write £/ for Zg/ k. Similar to R,(E/K) and Roo(E/K) we
define R,(E/K, x), Roo(E/K, x) to be the complex x-regulator, the p-adic x-regulator, respectively.

Theorem 8.2 (See [53] and [18]). Let E be an elliptic curve over Q with complex multiplication, let p
be a prime where E has potentially good ordinary reduction. Let IC be an imaginary quadratic field such
that p splits in K and e(E/K) = —1. Then

LopexV) | L(E/KxY) _ L(E/Kx)

Ry(E/K,X) Tl Zw(Xw, Yw)  Reo(E/K, X) - 87%(, ¢)

Here L,(E/K,x,s) denotes the Euler factor of L(E/K,x,s) at p. In particular, flﬁjm(l) =0 if and
only if L'(E/K,1) = 0.

(8.1)

Proof. Write nx /g for the quadratic character associated to C/Q. For each place v of Q, we denote by

7y the v-component of 7 . Let B be an indefinite quaternion algebra over Q ramified exactly at the

places v where €,(E/KC, x)n,(—1) = —1. Tt is well-known that there exists a Shimura curve X over Q

(with suitable level) and a non-constant morphism f : X — E over Q mapping a divisor in the Hodge

class to the identity of E such that the corresponding Heegner point P, (f) is non-torsion if and only if
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L'(E/K,x,1) # 0 by [53, Theorem 1.2]. Note that the p-adic height is non-vanishing when E has complex
multiplication (see [2]). From [18, Theorem B], P, (f) is non-torsion if and only if ,,f]f;/,c’x(l) # 0. Thus
L'(E/K,x,1) =0 if and only if gli)/’C,x(l) =0.

Now we assume that L'(E/K, x,1) # 0. Write I for the field cut out by x. Put O, to be the

ring generated by values of x over Z. By the Euler system method due to Kolyvagin, we know that
(E(Ky) ® Oy)X is of O,-rank one and

hoe(PAS) _ Ip(P)) 5
Roo(E/’Cv)() RP(E/IC7X) .

Here hoo (resp. ﬁp) denotes the Néron -Tate (resp. p-adic) height on E/K.
By [53, Theorem 1.2], we obtain

L/(E/IC7X71) hoo(PX(f)) 4L(1777) L(lvﬂaad)

Roo(E/K,x) - 87%(6,0) ~ Reo(E/K,X)  mex  87%(6,0)
From [18, Theorem B] and [19, Appendix B] (with our definition of Zg/x ), we obtain

: Oéil(f, X)

gé/]CaX(l) _ hP(PX(f)) . 4L(1an) . Hw\p Zw(Xunww) . L(Lﬂ-vad) ~o¢_1(f )
Ry(B/K,x)  Rp(B/K,x) mex  Ly(E/Kx,1) 879, 0) X

where the a(f,x) € Q”. One can refer to [18, equation (1.1.4)] for the definition of ¢x. The theorem
follows.
]

Now we give an explicit form of p-adic Gross-Zagier formula as an application. Let ¢ be the conductor
of x and D the discriminant of K. Recall that ¢ = > a,¢" is the newform associated to E. Assume
the following Heegner hypothesis holds:

(1) (¢, N) =1, and no prime divisor ¢ of N is inert in K, and also ¢ must be split in K if ¢2|N.
(2) x([g]) # aq for any prime g|(N, D), where q is the unique prime ideal of Ok above ¢ and [q] is
its class in Pic(O,).

Let Xo(N) be the modular curve over Q, whose C-points parametrize isogenies E; — Es between elliptic
curves over C whose kernel is cyclic of order N. Let O, = Z 4 ¢Ox be an order in K. From the above
Heegner hypothesis, there exists a proper ideal N of O, such that O./N = Z/NZ. For any proper
ideal a of O, let P, € Xo(N) be the point representing the isogeny C/a — C/aN 1, which is defined
over the ring class field H, over K of conductor ¢, and only depends on the class of a in Pic(O,). Let
f: Xo(N) — E be a modular parametrization mapping the cusp at infinity to the identity in E. Denote
by deg f the degree of the morphism f. Define the Heegner point to be

PN = Y f(P)ox(a) € B(H)y

[a]EPic(O,)

Theorem 8.3. Let E, x be as above satisfying the Heegner conditions (1) and (2). Then

L'(E/K, x,1) = 27#(N:D) | 87%(¢,6)  hoo(Py(f))

u?y/|De?| deg f
where (N, D) is the number of prime factors of the greatest common divisor of N and D, u = [OF : Z*]
is half of the number of roots of unity in O., and heo is the Néron -Tate height on E over K.

Moreover, let p be a prime split in IC and assume that E has potentially ordinary reduction at p, then
we have

, (1) = Hw\p Zw(Xws Yw) . 2~ H(N.D) _?Lp(Px(f))
boex = LT gD deel

where ﬁp is the p-adic height on E over K.

Proof. The explicit form of the complex Gross-Zagier formula is proved in [7]. The explicit form of the
p-adic Gross-Zagier formula then follows from the equation (8.1) in Theorem 8.2. O
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9. PROOF OF THE MAIN THEOREM

In this section, let E be an elliptic curve over Q with complex multiplication by K, let Q(E/Q) be
the minimal real period of E over Q. Denote by p a prime which splits in K. As always we assume that
E has potentially good ordinary reduction at p, and good ordinary reduction at p when p = 2. Recall
that we have defined Qg to be the p-minimal period for E over K in §7.

Lemma 9.1. Let K be an imaginary quadratic field where p splits, i q the associated quadratic char-
acter, and nx the base extension of ni g to K. Assume that e(E/K) = —1. Then there exists a p-adic
unit u such that

(s ¥p)* - OF
B T R et

Proof. Let fo = f(p ) Tt’s enough to show that for any finite order character

Lrix =

V:@/sz>< PzX.  —C*,

'p,tor

we have
Q2

W o (v g (mxc vih).

(9.1 vi(pe) = T(0p, ¥p)? - 872

Here v = v o Ny /g and v = v o Ng/q. By interpolation property, v (1g/x) is equal to

L(p d)’VIC
Ww HZ (Vs Pw)-

Note that p splits in K, nx is trivial at primes above p. From Theorem 7.1, us, (v ) is, (pnrv') is
equal to

2 —_— —

Tlepry ) (L= ' (pp™'\ LU (ot 1) L) (prptng, 1)
7(p, ¥p)? 1—ov=t(p)p~! OQp Qg

Then the equality (9.1) follows from the identity

L(p)(l, b, Vlzl) — L(pfo)((py;(l7 1)- L(pfO)(<PV}_<177K7 1)
and Lemma, 8.1. O

We are ready to prove Theorem 1.1. Assume that L(E,s) has a simple zero at s = 1. Let p be a
prime satisfying either E has bad but potentially good ordinary reduction at p # 2 (odd case) or E has
good ordinary reduction at p = 2 (even case). Let ¢ be the Hecke character over K associated to E and
recall that fo = f(p ). We choose an imaginary quadratic field X such that

e L(E/K,s) has a simple zero at s = 1.
e p splits in K.
e The discriminant D of K is prime to fg.
Let EX denote the twist of E by the field extension K over Q.

Proof of Theorem 1.1 for the odd case. Note that related Euler factors are trivial in this case, we then
have

IC
o L) = L,
Ly (1) L'(E/K,1)

Ry(E/Q) - m(0p:¥p)?  Roo(E/Q) - 87%(0, ¢)

gl
ord, ([II(E/Q)|) = ord,, <RP(E%))’

o [ Ze M)\ (T ) O
e (,2{2( )gwnx(l)>_ de< 872 - (¢, ) >’

oty (2ELD)
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It follows that

ond, (B QD) = ord, (

This proves Theorem 1.1 when p is odd.

L'(E/Q 1) >
(E/Q) - Rw(E/Q) )

Proof of Theorem 1.1 for the even case. Note that all related root numbers (or Gauss sums) are trivial
in this case. We then have

2 K
o L) = (1= £2) L HERD,
e

Zop) (1 v p)) Y L(E/KD)

" R,(E/Q)
I ONE AN N . .
ordp<(1 ) RP(E/Q)>_ 4 (1;[ (B/Q) Lu<E/<@>|>,

ord, (fZ(E@)> —0.

Qg
Therefore we obtain

. Cor L'(E/Q,1)
ord, <1;[me(E/Q) |H_I(E/Q|)> = dp(Q(E/Q).ROO(E/Q)).

The even case of Theorem 1.1 follows.

10. APPENDIX (I): NON-EXISTENCE OF CERTAIN NON-ZERO FINITE SUBMODULES

Let K be an imaginary quadratic field and F' a finite abelian extension over K. Let E be an elliptic
curve over F' with complex multiplication by Ok. Let p be a prime such that p splits in K, i.e.,
pOk =p - p*. We assume FE has good ordinary reduction at all primes of F' above p.

Let P be the set of primes in F' above p and B the set of primes in F' where E has bad reduction.
Put W =P U B. We make the convention that for an algebraic extension over F' and a set S of primes
in F', we use the same notation to denote the set of primes lying above the ones in §. Let Fy. be the
cyclotomic Zy-extension over F, let I' = Gal(F¢y./F') and denote by A = Ar the Iwasawa algebra of I'.
For any set S of primes in F', we define Sel‘z (Feye)p to be the relaxed at S p-power Selmer group of E
over Feyc. The Selmer group Sel}%(FCyC)p is a A-module.

The aim of the appendix is to prove the following theorem.

Theorem 10.1. Assume that Selg(Feyc)p s a cotorsion A-module. If each prime of F' above p is totally
ramified in Feyc, then the Pontryagin dual of Selzv(Fcyc)p has no non-zero finite A-submodules.

We remark that Theorem 10.1 implies the non-existence of non-zero A-modules used in the proof
for Proposition 6.2. Either by the assumption F(F) has Og-rank one, III(E/F)(p) is finite in the
proposition and Schneider’s proof, or applying a similar proof of Rubin [44] using Iwasawa main conjecture
and Rohrlich’s theorem, we know Selg(Feyc)p is a cotorsion A-module. It is also easy to see each
prime above p is totally ramified in Fiyc/F. Since the curve E in Proposition 6.2 has good reduction
everywhere over F', Theorem 10.1 shows that (Sell(Feye)p)” has no non-zero finite A-submodules. An
easy argument using Tate local duality implies that H'(Feycw, E)(p) = 0 for every prime w of Fiy.
above p. Therefore, Selg(Feye)p = Selp(Feye)p and (Selg(Fuye)p)” has no non-zero finite A-submodules.
Notice the decomposition

SGIE(FCyC)p = SelE<Fcyc)p D SelE(Fcyc)p*~
Since F in Proposition 6.2 is defined over QQ, E is invariant under complex conjugation. The same proof as
Theorem 10.1 applying to the prime p* implies that (Selg(Feyc)p)” has no non-zero finite A-submodules.

The rest of this section is devoted to giving a proof of Theorem 10.1. The idea of showing that the dual
of SelR (Feyc)p has no non-trivial finite A-submodules is due to Greenberg. In fact, we know from [27,
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Proposition 2.4] that the A-module (Sely (F.yc)p)” having no non-zero finite A-submodules is equivalent
to the discrete A-module Sel}y (Feyc)p being almost (A-)divisible, that is, for all but finitely many height
one elements A € A, i.e.,; AA is a height one prime ideal in A, we have

ASell} (Foye)p = Selly (Feye)p-
To show the almost divisibility of Selyy (Fuyc)p, we show that the sequence
(10.1) 0 = Sely (Feye)p = H' (Feye, E(p)) = [ H' (Feyew, E)(p) = 0
W

is exact (the difficult part is showing the surjectivity of the localization map). Since this is an exact
sequence of A-modules, we can consider the multiplication-by-\ map on each term for any element A € A.
Then the snake lemma gives us the exact sequence

Sely (Feye)p , H'(Feye, E(p))
ASel (Fuye)p A H' (Feye, E(p))’

(102)  H'(Feye, B)N = | [ H' (Feyewn, E)p) | N =
viW

where for a A-module 9, we denote D[] by the submodule consisting of elements which are annihilated
by A. Thus, the almost divisibility of Sel)y (Feyc)p follows from the almost divisibility of H'(Feye, E(p))
and the surjectivity of the map « for all but finitely many A. We will give this argument in the language
of Selmer group for p-adic Galois representations [24]. For this purpose, let us introduce more notation.
Denote by X the set of primes of F' which either lie above p or are bad for E. We denote by Fyx the
maximal algebraic extension over F' which is unramified outside the set of primes of F' lying above those
in 2.

Lemma 10.2. We have

(10.3) Selyf (Feye)p = Ker | H' (Fy/Feye, E(p)) = [ H' (Feye,r E())
vlp*
Proof. This is a well-known fact. A similar proof as [1 1, Lemma 2.3] gives the result. d

Now, we introduce the Greenberg Selmer group. Identifying O, = Ok, with Z,, we have A = 0, [[I']].
Recall that A is the group of units in A. Denote by T, E the p-adic Tate module of F, and we let

po : Gal(Fx/F) — Auto, (T, E)

be the O,-linear representation of Gal(Fx/F) on T,E. Let k : I' = A be the natural inclusion. We
write A(x) for the Iwasawa algebra A with the Galois action of Gal(Fy/F') given by the composition of
the map x with the quotient map Gal(Fx/F) — Gal(Fgyc/F) =T. Then we have a representation

p: Gal(Fn/F) — A

with the representation space 7 = T, E ®o, A(x), where the Galois group Gal(Fy/F') acts on T via
pPo ® K.

Recall that A" = Homop, (A, K,/O,) is the Pontryagin dual of A. We define £ = T ®5 A”. Then the
Greenberg Selmer group of F over F' is defined to be

HYF,, &
Se(F) := () ker <H1 (Fs/F,€) — L((g)))
vEY v
Here, the set of local conditions £ = (L,(€))yeyx is given by
H'(F, if *
(104) Lv(g): ( v75) 1 UTP )
0 if v | p*.

Lemma 10.3. As A-modules, we have Sg(F) =~ (Selg(Feye)p)', where for a A-module M, M" means the
abelian group MM with the T' action given by the map v+ v~ for v € T.

Proof. The lemma is an application of Shapiro Lemma. A detailed proof can be found in [25, Proposition
3.2]. O
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For any place v of F lying above p, our assumption implies that Foy./F is totally ramified at v. Thus,

writing w for the unique place of Fiy. above v, the proof of the Lemma 10.3 (or [25, Proposition 3.2])
gives the isomorphism
(10.5) HY(F,,&) ~ H(Feye.w, E(p))".

Now we show that H!(Fy/F,€) is an almost divisible A-module. For this purpose, we compute the
A-corank of each term in the following exact sequence

(10.6) 0= Se(F) — HY(Fs/F, &) 25 Q.(F, &),

where Qz(F, &) = [ ex H;Ef“g’)g), and ¢z = (¢1,)» is the natural localization map for H!(Fx/F,€) at

each v € ¥. Recall we have assumed that Sg(F') is a cofinitely generated A-torsion module.
Lemma 10.4. The modules H'(Fx/F,€) and Q. (F, &) are cofinitely generated A-modules and
corank (H'(Fy/F, £)) = coranks (Qz(F,&)) = ro( F) = [F : K.

Here ro(F) denotes the number of the complex places of F. In particular, we have H*(Fx/F,€) = 0.

Proof. The cofinitely generated property of these modules are well-known (see [27, Proposition 3.2]). For
the assertion on the coranks (Q.(F,E)), we refer the reader to [29, §2.3], or [27, section 4]. The method
also works for p = 2 since F' has no real places. Note the exact sequence
0— Se(F) = H' (Fo/F,€) = Qc(F,€)
and that Sg(F)" is A-torsion, we have coranky (H!(Fyx/F,£)) < ro(F). On the other hand, by the global
Euler characteristic, we obtain
coranky (H'(Fy/F,£)) = coranky (H°(Fs;/F, £)) + corank (H?(Fs/F, E)) + ro( F).

Thus corankp (H!(Fy/F,£)) > ro(F) and we obtain coranks (H!(Fs/F,€)) = ro( F). So H?(Fx/F,€)
is a cotorsion A-module. The second assertion follows from the fact that H?(Fx/F,€) is a divisible
A-module (see [28, Proposition 2.1.1, Lemma 5.2.2]). O

Proposition 10.5. The module H*(Fs/F, &) is an almost divisible A-module.
Proof. By [27, Theorem 3|, H'(Fx/F, £) is isomorphic to H* (Fs,/ Feye, E(p))" for i = 1,2. The Hochschild-
Serre spectral sequence implies the exact sequence
0 — H' (I, H'(Fs/Feye, E(p))) — H*(Fs/F, E(p)) — H*(Fs/Feye, E(p))" — 0.
Since Lemma 10.4 shows that H?(F;/F.yc, E(p)) = 0, we obtain
HY (D, H' (Fx/Feye, E(p))) = H*(Fs /F, E(p)).

From the proof of Lemma 10.4, we know that H?(Fs/F, ) is a divisible A-module. Therefore the module
(HY(Fs/Feye, E(p))™)F has no non-zero finite submodules. Now, by the equivalence of the notions of
a module being almost A-divisible and its dual having no non-zero finite A-submodules, it remains to
show that H'(Fs/Fey., E(p))”" has no non-zero finite A-submodules. Indeed, suppose otherwise and let
ZF' # 0 be a maximal finite A-submodule of H'(Fs;/Foyc, E(p))". Let 7o be a topological generator of
I'. Given any integer m > 1, we may consider 73" — 1 acting on the exact sequence

0— F' — HY(Fs/Feye, E(p))" — HY(Fs/Feye, E(p))"/F' — 0.

Noting that (H'(Fs/Feye, E(p))")! is Z,-torsion free and applying the snake lemma, we see that vJ* — 1
is injective on .#’. On the other hand, 7 acts on .%’ continuously and .#’ is finite, and so %’ is
annihilated by 7{* — 1 when m is sufficiently large. Thus, .#’ = 0, and the proposition follows. ]

Next, we show that the map ¢, in the sequence (10.6) is surjective. Let ppo be the group of all
p-power roots of unity. We define £* = Hom(E, pp).

Lemma 10.6. For any place v € ¥, we have H(F,,£*) = 0.

Proof. The result follows from the fact that each v € 3 does not split completely in the extension Feye/F
and Burnside’s finite basis theorem. For details, one can refer [28, Lemma 5.2.2]. g

Proposition 10.7. The map ¢ in (10.6) is surjective.
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Proof. Since A ~ Z,[[T]], the module £ is a divisible A-module. Notice our assumption that Sg(F) is a
cotorsion A-module, by the exact sequence

0— Se(F) = H (Fg/F,€) = Q,(F,&) — coker(¢y) — 0

and Lemma 10.4, coker(¢,) is a cotorsion A-module. Set

II%(F, %, &) = ker (HQ(FZ /F,€) =[] HQ(FU,€)> .
vEX
From Lemma 10.6 and Tate local duality, we obtain H?(F,,&) = 0 for each v € ¥. By Lemma 10.4 we
have
I*(F,%, &) = H*(Fx/F,&) = 0.
Therefore we have verified the assumptions in [28, Proposition 3.2.1]. We take any place ¢ € ¥ such that

¢ 1p*. This is possible since p splits in K and ¥ contains the primes above p. From the local conditions
(10.4), we have

H(E.E)

Le(€) '
By Lemma 10.6, H°(F.,£*) = 0. Therefore the condition (c) in [28, Proposition 3.2.1] is satisfied and
¢ is surjective. (]

In the final part of this section, we show that for all but finitely many height one A € A, the map on
the A-torsion submodules

ay: HY(Fg/F, &)\ — ( w> [A]

vEX

is surjective. From the exact sequence
0 EN—=E-E—0,
we obtain two natural surjective morphisms
(10.7) hy: HY(Fs/F,E\]) — H' (Fs/F,&)[\] and  hy, : H'(F,,E\]) = H*(F,,E)[\.

We consider these modules as (A/X)-modules. We then define the local conditions £y = (L,(E[A])) for
E[A] to be

Ly (EIN) = hy (Lo (E)N).
Then we can define the Selmer group Sgi(F') with respect to £[A] and £y in the same way as we
defined Sg(F). The product of the hy,’s for v € ¥ defines a surjective map by : [[,cx H'(Fy, E[A]) —
(IT, H'(F,,€)) [Al. Note that the image of £ is contained in £, thus, we get a well-defined morphism

H(F,,E[N) < Hl(Fv,8)>
qx : —_— " —— | [\
Lrem (U
Lemma 10.8. Assume that £ and L,(E) at each v € ¥ are divisible by \. Then qy is an isomorphism.

Proof. This is [29, Lemma 3.2.1]. O

From the definitions of the Selmer groups Sg(F') and Sg[x)(F), we obtain the commutative diagram

d) ! R
H(F/F,EN) — 2, op 05D

Jo
QX

H' (Fs/F, €)1 — (TTex 202 ) A

R

Since £ is A-divisible, it follows from Lemma 10.8 that gy is an isomorphism if L,(€) is A-divisible.
Furthermore, from (10.7) the left vertical map is surjective, we obtain im(a) ~ im(¢y ), and coker(ay) ~
coker(¢y). Therefore, showing the surjectivity of a is reduced to showing the surjectivity of ¢,.
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Lemma 10.9. For our local conditions L = (L, (E))yes, we have

_Jo ifvtp
L) = {E(Fcyc,v> ©(K,/00)  ifvlp.

In particular, L is an almost divisible A-module. Here, for any prime v of F above p, we denote by
Feye,w the completion of Feye at the unique prime above v since we have assumed v is totally ramified in
Feye/F.

Proof. For a prime w € B, since w not lying above p, the Kummer descent sequence shows that

Hl(FCyC,wa E(p)) ~ Hl(FCyC,w7E)(p)~

We now show that H'(Fuycw, E)(p) = 0, which implies the above two groups are zero. For p odd
this is easy. We now assume that p = 2. In fact, since F has additive reduction at w and the for-
mal group at w is not pro-p, using Tate local duality, for each integer m > 0, H'(F,, ., E)(2) is
dual to E(Fyw)2. The latter group is of uniformly bounded order which is independent of m. Since
H'(Feyew, E)(2) is dual to the projective limit of E(F, )2 with respect to m via the norm maps, we
know that H'(Foycw, E)(2) = 0. Now, using Tate local duality and noting that E(F.y)(p*) is finite,
for any w € P, we have H'(Feyew, E)(p) = 0. Thus, by the Kummer descent sequence, we obtain
HY(Feyew, E(p)) =~ E(Foyew) ® (Ky/Oyp). Then the first assertion follows. The almost A-divisibility of
L follows from [27, Proposition 2.4] and the fact that the dual of E(Fiycw) ® (K,/O,) for w | p has no
non-zero finite A-submodules.

O
We conclude this appendix with the following proposition, from which Theorem 10.1 follows.
Proposition 10.10. For all but finitely many height one A € A, ay is surjective.
Proof. By Lemma 10.9, the remark preceding it, and [27, Proposition 2.4], we can reduce to showing
that Y N
H'Y(F,,E[A])
o HY (Fs/F.EN) = || —F2——=
ey
is surjective for almost all A such that (A\) = AA is a height one prime ideal. Here, we just sketch the
main ingredients for the proof, and the details can be found in [29, Proposition 4.1.1]. The key is that
the module £ is a coreflexive A-module (since A is a UFD, and it is reflexive by [27] or [29, Page 229]).

This guarantees that
(a) the module £[)] is a divisible (A/A)-module for all height one (\) € Spec(A), see [27, Corollary
2.6.1);
(b) for each place v € ¥, H(F,,£*) = 0 if and only if H°(F,, (E[\])*) = 0 for almost all height one
(M) € Spec(A), where (E[A])* = Hom(E[A], ppe= ), see [29, Page 233];
(c) for almost all height one (\) € Spec(A), the corank relations still hold. For example, Sg[x(F) is
a cotorsion module over (A/)); see [29, Page 238].
Combining (a)—(c) with our local conditions, we know the method for the proof of Proposition 10.7 still
applies for the A/A-module E[)] for almost all height one () € Spec(A). This completes the proof of the
theorem. O

11. ApPENDIX (II): ISOGENY INVARIANCE OF THE PRODUCT OF ALGEBRAIC P-ADIC L-FUNCTION
AND COMPLEX PERIOD OF AN ABELIAN VARIETY

Let F be a number field, and let A and A’ be two abelian varieties defined over F. Let p be a prime.
We assume that f: A — A’ is an isogeny defined over F' with degree a power of p. For each prime w
of F, we denote by k(w) (respectively, xk(w)) the residue field at w (respectively, a separable algebraic
closure of k(w)). We assume that both A and A’ have good ordinary reduction at all primes of F' above
p. Let C = kerf denote the kernel of f. For each prime v of F' above p, we denote by 5'7) the reduction

of C' modulo v, which becomes a Gal(k(v)/k(v))-module. Finally, let C;, denote the kernel of C(F,)
modulo v.

Let F,,./F be the cyclotomic Z,-extension. We denote by Sela(Fy.), the Selmer group of A/F,.
corresponding to the p*>-division points of A. Let A be the Iwasawa algebra of Gal(Feye/F). We define
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X, (A/F,y.) as the Pontryagin dual of Sels(Feyc)p. The characteristic ideal of X,,(A/F.y.) is denoted by
Ca/p. We assume that Cy,p # 0, which is equivalent to X, (A/F.,.) being a torsion A-module.

Theorem 11.1. Assume that F' is totally imaginary when p = 2. Then we have the following:

Caryr =p™ ) - Cuyp

and

m(f) =Y ord,(|C(F,)]) = Y _[Fo : Qp] - 0rdy(|C1 )

v|oo v|p

Let us give a simple remark. For a compact, finitely generated torsion A-module M, we can express
the characteristic ideal Cy; of M as

Cu = p" MRy
where Ry is not divisible by p and depends only on the structure of M ®z, Q, as a Ag,-module. It is
clear that the Ag,-modules X,(A"/Feyc) ®z, Qp and X,(A/F,yc) ®z, Qp are isomorphic. Thus, we have
Ra/rp=Rap-

For simplicity, we denote Rx,(a/F.,.) by Ra/r. Furthermore, we define (M) = u(M™). Theorem 11.1
is equivalent to the following identity:

(11.1) m(f) = pu(Selar (Feye)p) — p(Sela(Feye)p)-

Proof. The proof is identical to [41, Théoreme on page 448]. Note that we assume F' is totally imagi-
nary, and the cohomology dimensions for the cohomology groups remain the same for odd p. The only

distinction for p = 2 lies in the proof of [11, Lemme 3 on Page 451], where we utilize a fundamental
result by Coates and Greenberg [12, Theorem 3.1] to obtain the same outcome as in [11, Lemme 3 on
Page 451] for p = 2. O

Let A/F be an abelian variety with dim A = d. We write O for Op.

Definition 11.2. The periods Q(A) of A is defined as follows: Let A/O be the Néron model of A/F,
and choose wa satisfies a,,, -wa = NT(A, QA/o)i“" for a fractional ideal a,,, of F', where T'(A, QA/O)““’
denotes the global invariant differential on A/QO, then

Q) = Nlaw )die(F/Q) " [ o]
A(F®QR)
Here, one can refer to [21, Lemma 18] for the definition of |walco-

Recall that f: A — A’ is an isogeny of abelian varieties defined over F'. Recall also that C = Ker(f).
Assume that A has good ordinary reduction at all prime of F' above p.

Theorem 11.3. The quotient % is a nonzero rational number and

ord, (A)/Q(A) = ~m(f).

From Theorems 11.1 and 11.3, we obtain the isogeny invariance of the product of algebraic p-adic
L-function and complex period of an abelian variety.

To prove Theorem 11.3, let us recall some properties on differential on schemes. Let ¢t : G — H be a
morphism of S-schemes. There is an exact sequence of Og-modules

(112) t*QH/S%Qg/Sﬁﬂg/H—)O.

Let G, H be group schemes, and assume that ¢ is a group homomorphism. Let ey : S — H (resp.
eg : S — @) be the zero section, K := Ker(¢). Then we have i : K = G xyg S — G satisfying

eg =ioeg, and i"(Qg ) ~ Qg/s-
We have
e*GQG/H >~ e;{QK/S
Apply e, to the exact sequence (11.2), note that pullback is right exact, we have an exact sequence

(11.3) eEQH/Séez;QG/S%e}QK/S%Q
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Let S = SpecO, fa: A— S, fa : A/ = S be Neron models of A/F and B/F over S, and §: A — A’
be the morphism of group schemes over S extend f: A/F — A’/F, C = Ker§. From the exact sequence
(11.3), we have an exact sequence of Og-module

(11.4) e Qars = eaQass — et8ess — 0.
Let I = Fitto(I'(S,e5:Q¢/s)) C O be the Fitting ideal. From the above exact sequence (11.4), we have
Lemma 11.4.
FHATT(A Quarys)™) = T+ AT(A, Qays)™
in AT(A, Qa/5)™.
For an ideal b in F', we write N(b) for the norm of b.
Corollary 11.5. We have

Q(4)/2(4) =N [T Ie(F

v|oco

Proof. Choose was and a,,,, as in Definition 11.2. For an archimedean place v of F, we have

[ wn=tew) [ ww=leET [ e
Al (Fy) FxA(Fy) A(Fy)

By Corollary 11.4, we can choose (wa = f*war,a, = I 'a,,,) as in Definition 11.2. Then we have
Q4 = N(awA,)disc(F/Q)fd/Z/ lwar oo
Al(Foo)
N(aw, Jise(F/Q)* TTICEN™ [ - oale

v|oco

(0 TLHCED N )discF/@) " [ ol

v|oco °

n-TTIeE) ),

v|oco

which completes the proof. O

Let p be a prime. For any p|p primes of F, let S, = SpecO,, C, := C xg S,. Assume that A has
good reduction at p, then C,/S, is a finite flat group scheme. It is well known that there is an exact
sequence of group scheme

0—Cy—Cy = Cit =0,

where Cg is the connect component of C;, Cg’t is etale over S,. Similarly, we have an exact sequence
ezst cht/sp — ezp Qcp /Sy — ezg QC;’/SP — 0.
However, since Cst /Sy is etale, we have cht /s, =0, hence we have
Lemma 11.6. ea‘ Qe,/s, ~ eégﬂcg/sp'
Lemma 11.7. Assume that A is ordinary at p. Then
0 |[Fy:
ID(Sp, ecoSlegys, )| = |G, |[FeQel,

Proof. Since A is ordinary at p, CS is of multiplicative type ([48, Page 169]). O

Now Theorem 11.3 comes from Corollary 11.5, and Lemmas 11.6, 11.7.
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